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MMPUMITUBHA ITPOTPAMHA AJITEGPA OBUNCITIIOBAHUX ®YHKIIN HAJ 3AITACAMUA

Background. The research is conducted in the context of compositional approach to programming. Problematic of the
research is development of scientific foundations of programmer’s problems solution genesis. Its basis is concept of
composition.

Objective. The objective of the research is general method development for function classes’ algebraic characteristics
obtaining and application of the method for description of pragmatically important class of partially recursive
functions on records.

Methods. Creations made in the paper are based on software analysis algebraic methods and compositional program-
ming methodic. Problems of computable functions’ characteristics obtaining, problems of generative sets and bases
finding, which are one of the most important questions in programmer’s problematic, are strictly stated and solved in
the context of so called “program algebras”.

Results. In the paper method of mentioned problems solution was proposed in context of primitive program algebras
(PPA) on different classes of computable functions. Received results are stated as sequence of original statements,
lemmas, and theorems. They can be used for different classes of computable functions algebraic characteristics
exploration in problems of programming languages semantics formalization.

Conclusions. Received results are foundations of adaptive programming environments development. Next steps in this
direction will be connected with exploration of general concept of composition and development of related reduction
methods of function exploration as environments of pragmatic depended programmer’s problems decomposition.

Keywords: fullness of calculable functions; fullness problem in PPA; complete system; pairs of natural numbers;

pr-functions; pr-predicates.
Beryn

CroronHi craH cnpaB y iHOpMaLifHO-TEXHO-
JIOTIYHIN Tajly3i, B T.4. ¥ y mporpamyBaHHi, iCTOT-
HO BU3HAYAETHCS MPOLIECOM BCE OUIbII MIMOOKOTO
Ta pa3oM i3 TUM IIUPOKOIo IMPOHMKHEHHS 1i Y BCi
chepu KUTTA. 3BiCHO, 11O 3 KOXHUM KPOKOM Y
LIbOMY HamnpsiMi 3a HEOOXiIHOCTi TMOCHUJIIOIOTHCS
BUMOTH, IO CTABJISITHCA SIK IO SIKOCTi IIPOTpaMHO-
ro MPOAYKTY, TaK i 10 e(PEeKTUBHOCTI 10ro BUPOO-
HuuTBa. | He3Baxaluu Ha Te 10 IpOorpaMicTChKa
nisuibHicTs (ITJ1) cboromHi MpomyKye Bpaxkaroui
pe3ynbTaTH, SIKi “roBOpSITH cami 3a cede”, cTae Bce
OUTbII OYEBUIHUM, IO Li Pe3yjbTaTu MEepeBakHO
MaloThb SBHO BUPAXEHUUN €KCTCHCUBHUU XapaKTep
1 miATpUMaHHS BiA3HAYE€HOI TEHICHIIi B LIMX pea-
JIiSIX cTa€e Bce OUIbII MpoOJeMaTUYHUM, a B MepcC-
MEKTUBI HEMOXJIMBUM. [IpuumHa LIOTO — Xapak-
TepHa JJi1 CbOTOMHIIIHBOrO po3yMmiHHA T, y T.4.
1 OporpaMyBaHHsI, MOro HaaMipHa CIPOIIEHICTb,
sdKa He BIAIOBiIa€e PiBHIO CKJIAAHOCTI BiI3HAYEHOI
npobjgematuku [1-7].

IIlomo mporpaMyBaHHSI, TO CIIPOLIEHICTH MOro
PO3yMiHHS, SKa TPOXOAUTb MO JiHil “3HauuMe—
IpYropsiiHe”, TOJiITa€ HacaMIieped y TOMYy, IO
yBara akIieHTYETbCS TepPeBaAXKHO Ha pe3ybTaTax
MporpaMyBaHHsI, BUBOASYM 3a pPaMKU PO3IJISAY
MIpoLecH IX OTpUMaHHS. SICKpaBUMU HpeAcTaBHU-

KaMM TaKoi TOYKHM 30py Ha MporpaMmyBaHHS €, Ha-
npukian, (GyHKIIOHAIbHUI, 00’€KTHO-OpPIEHTOBA-
HUIA IOXoou, Ha3BU SIKMX BXE TOBOPSTH caMi 3a
cede [1, 3]. IHma “cnopoiyoua” Touka 30py xoya
1 aKlEHTYE yBary Ha MNpOLECi, aje IITYYHO oOMe-
KY€ pO3IJIsiAM BY3bKMMHU 1X Kiacamu. lle crocy-
€TBbCSI, HANpPUKIAA, MiAXOAY CUCTEM aJITOPUTMiy-
HUX ajaredp [4] Ta MEHILOI MipOl0 HAaBiThb CTPYK-
TypHOoro migxoxy [5]. IIpuponHo, 110 3ragaHUMU
nigxogamMyu He OOMEXYEThCS TEpESiK CHPOIIEHUX
TOYOK 30pYy Ha MporpaMyBaHHsI, OJHAK Ha3BaHi €
B LIbOMY MepeiiKy penpe3eHTaTUBHUMU [6—9].
Bynb-sgka 3 HUX 3aHaATO CYyO’€KTUBI3ye IIPOLIEC
pO3B’s13aHHS TIPOTPaMiCTCHKUX 3a1ay, CTAaBJISIYM Ha
YiJbHE MiCle TYT iHTYiTUBHY OCHOBY, Ta HE [a€
3MOTIY CHOTOJIHI CEPIO3HO TOBOPUTHU PO HANWBAXKIIN-
Billli MpOOJIEMU CYYaCHOTO IIpOrpamMyBaHHS, Taki
SK KepyBaHHS SKIiCTIO CTBOPIOBAHUX IIPOTpam,
e¢(PEeKTUBHICTh IX BUPOOHUILITBA Ta 30epekeHHS iH-
BecTUliii. JIaBUHOIIOAIOHE HApOCTaHHS ITOAIOHOI
dakTorpadii cTUMYIIOBAJIO PO3MOBU TIPO KPHU3KC-
Hi TIpOSIBM B NpOrpamMyBaHHi, Jemnpecii B Taysi
KOMIT'10TepHOi iHmycTpii Tomo [5, 8§—10], y Toit
yac sIK MOBa Majyia O iTM He TMpO KpU3y B rajysi, a
Mpo Kpu3y NUIIXiB 1i po3BuTKy! CkazaHe Ie pa3
MoKasye, 110 CyJacHe MporpaMmyBaHHS SIK iHdop-
MalliifHO-TEXHIYHA rajay3b y LIJIOMY BXE HE MOXe
e(eKTUBHO PO3BUBATUCH BUKJIIOYHO Ha CY0’€KTUB-
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HO-iHTYITUBHIll OCHOBI, 1LI0 € JKepeaoMm AudepeH-
wmiauii ysasiaeHb nipo IIJI. TIpoGnemu ranysi Bxke
JaBHO BUUMIIUIM 3a Ty MEXY CKJIQJHOCTI Ta 3HA4U-
MOCTi, KOJIY iHTYITUBHIi BUCHOBKM HEOOXiTHO ameK-
BaTHO CY0’€KTUBi3yBaTH, JOMOBHMBIIMU iX, 10 MOX-
JIMBOCTi, TOYHUMMU JOCITIIKEHHSIMU Ta PO3poOKa-
Mu. MoBa iine Hacammepen INMpo TOJOBHUK HOCIH
iHTyiuii B I1JI — mporpaMyBaHHs SIK IIpolec Mo0y-
noBu mporpaM. [IuTaHHs, 1O TIOB’S3aHi 3 pO3-
KPUTTSIM CEMAHTUKU MOB IIPOTrpaMyBaHHS, TPaloTh
TYT KJIIOYOBY poJib. TOMY HOCHIIKEHHS L€l Mpo-
OsieMaTuKu, po3pobOKa 3arajibHOro METONY OTpU-
MaHHS aJITeOPUYHUX XapaKTepUCTUK KIaciB (hyHK-
il Ta 3aCTOCYBaHHSI MOTO U1 OMUCY MparMaTuy-
HO BaXJIMBOTO KJIACy YaCTKOBO PEKYPCUBHUX (PYHK-
Liii Hajg 3amucaMu € MeToro 1iel podoru. Ilepio-
psiiHe 3HayeHHS TYT Ma€ KOMIIO3MliiiHa mapa-
JuUrMa rporpamyBaHHs [11] gk MeTomosioriyHa oc-
HOBa pO3IJISy BChOIO PO3MAITTA SK 3arajbHUX,
TaK i OKpeMUX MeTOmiB MmodynoBu mporpam. Came
BOHH, TOYHIIlIE IX €KCIUIKalil y BUIJISIOL TUX abo
IHIIMX KiIaciB Kommo3uliii [12], € ob6’ekToM mo-
craimkeHHs. [TpeaMeTroM IOCIiIKEHHs € mpobiiema
noOyIoBU XapaKTEPUCTUK KJjaciB OOUYMCIIOBAHUX
GYHKLIA Hag pi3HUMM HOCIIMM B IIPUMITUBHUX
nporpamHux airedpax (I1ITA) [13—15]. OcHoBHa
yBara npuiiieHa TOIIYKY MOPOIKYIOUMX CYKYITHOC-
Te Ta 0a3uciB Takux anredp. Bci HeBU3HaueHi
HUXXYE 3arajlbHOMaTeMaTU4YHi TOHSITTS Ta MO3Ha-
YeHHSI TPaKTyIOThCcsT B ceHci [16, 17], a moHATTS
Teopil HyMepalliii Ta Teopil aJIrOpUTMIiB — y CEH-
ci [18].

ITocTanoBka 3amaui

Merta poOOTU — JOCHIAUTU MUTAHHS PO3KPHUT-
TS CEMaHTUKM MOB ITpOrpaMyBaHHSI 3 METOIO pO3-
pOOKM 3arajlLHOro METOAY OTPUMMAaHHSI aJIreOpUYHUX
XapaKTEPUCTUK MparMaTuKo-oOyMOBJIEHMX KJIaciB
o0uMCIoBaHMX (BYHKIIil; 3aCTOCYBaTU PO3POOICHUI
METOHA /IS OMMCY MparMaTMYHO BAXJIMBOIO KJIacy
YaCTKOBO-PEKYPCUBHMX (DYHKIIiM HaIl 3aIllicaMu.

3arajibHi MOJI0XKEHHS

Hociit TIITA craHOBISATH n-apHi (PYHKI Ta
n-apHi mpeaukKat (manxi — ¢GYHKIII Ta TIpeIruKaTH)
(n=12,...). Curnarypy I1ITA (110 MO3HAYa€ETHCH
TyT Q) CTAHOBJATH OIepallii Cymnepro3ullii, po3-
TajdyXXeHHsI Ta LIMKJIOBaHHS, SIKi SBJSIIOTH COOOIO
aJeKBaTHI YTOYHEHHSI OCHOBHUX METO/IB KOHCTPYIO-
BaHHS Tporpam, 110 BJIACTHUBI OLIBLIOCTI BUCOKO-
piBHEBUX MOB TporpamyBaHHs [1—5, 8, 9]. Hara-
naeMo (opMalibHi BM3HAUYEHHS LIMX OIepalliif.

Jns 3pyyHOCTI Ta KOMITAKTHOCTI BUKJIAAEHHS TIpU
no3HaueHHi (YHKII Ta TNpeauKaTiB Iepesara
Oy/le BiigaBaTUCh HE OMNEPATOPHii, a TEpMasIbHIN
dopmi 3amucy [16].

Hexait 3amani m &ynkuiit f,..., f,, onHa-
KOBOI apHoOCTi (Hampukian, k) sursiny A — B,
BU3HAYEHI Ha JesKiil momnepenHbo 3adiKCoBaHiil
MHOXWHI A 3i 3HaYeHHSIMU 3 MHOXMHKA B [12, 16]
(He 000B’s13K0BO, 100 AN B =, Oinblle TOro —
JIONYCKAEThCS TaKU BUMANOK, KOIM AN B =)
Ta Hexai Ha MHOXMWMHI B BH3HayeHa m-apHa
¢yHKiA f, 110 HaOyBae 3HAYEHHS 3 JESIKOI MHO-

xuHu C. Po3misiHeMO HOBY k-apHy (PyHKILiO
g:A— C Ttaky, mo ii 3HAYEeHHS Ha apryMeHTi

(a,...,a;) 3aJA€TbCA TAKUM YUHOM: g((ay,...,q;)) =

= f(fiay,...,a.)),..., f,(a,,...,a;))) . bynemo xa-
3aTd, 10 (YHKIiSI g € pe3yJabTaToOM 3acTOCYyBaH-

Hs (m+1)-apHOi cynepno3uyii, 110 TIO3HAYAETHCS
S™! 1o xoprexy GyHKii Sy fiseeos fry)» 1H-
My cioBamu g = S™N(f, flaeen o) -

Hexait temep, KpiM BxXe 3amaHuX (QYHKIIii
fi»--» [,y » MONATKOBO 3amaHi QyHKUIA A4 TOro x

unsiny A¥ — B Ta m-3nauHa dyHKuis p: B —
—{L,2,...,m}. bynemo ka3zaTu, 110 k-apHa (pyHK-
uist g: A¥ — B BunuKae 3 dyHKUiil A, Jireoos S
(m+1)-apHoi MmapaMeTpMYHOI omepalii po3ramty-

KEHHS Og’”, SIKILIO JJI JOBUILHOTO apryMeHTY

(ay,...,a;) e A* 3nauennst dyHkuii gay,...,a;))
330A€EThCS  TAKMM  YUHOM: g(ay,...,a;.)) =
Efr«a]a---aak)): SIKIIO B(h«ala'“aak))):ra

(1<r<m).

BinznaunMo, 1110 TaKuM YMHOM BBelieHa Tia-
paMeTpuyHa orepalisi pO3TaTy>XeHHS SIBJISIE COOO0IO
ajieKBaTHE YTOUYHEHHS BiTOMOTO METOLY KOHCTPYIO-
BaHHs TiporpaMm Tumy case of . KopucHum yvact-
KOBMM BMITAJKOM IIi€l omepallii, 0YeBUIHO, € TEP-
HapHa omnepalis poseasyyicenHs O, SIKa CTaBUThb
Yy BIINOBINHICTL IBOM (QYHKUIAM  f; cA% S

— B, i=12, Ta omHOMY MNOpeauKaTy p:Ak -

—{T,F} k-apHy yHkUio g =0(p, [}, /3)),
3HAQYEHHS $KOI Ha  JIOBUIBHOMY  apryMeHTI
(aj,...,a,) e A* sanaetncs Tak:

f](<a13"'1ak>)ap(<a11"'1ak>) = T:
g(<a11"'1ak>) =

f2(<a11"'1ak>)1p(<a11“'3ak>) = F
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Terep NOMOBHMMO CIMCOK 3adaHOro k-ap-
HUM IIpeauKaTOM p:Ak —{T, F}. PosrasHemo

k-apuy ¢yHkuilo g: A¥ - B, 3HauenHs sikoi
g(ay,..
(a,...,a;) € A* BBaxaerbcst PiBHUM IIEpILiiA KOM-

Sa)) Ha  JOBUIBHOMY  apryMeHTI

MOHEHTI MEPIIOTOo KOPTEXY MOCTIOBHOCTI KOPTEXIB

: : 0 :
Kai,...nap)licoya.. » B€ a;=a;, j=12,....k, Ta

alt' = fi(af,...,a1)), j=12,....k,
(rmo3HauyuMo
p(ay,...,ap))=F 3a ymoBH,
r=12..,s-1 p(af,...,a ) =T.
DyHKIIiT g BMHUKAE 3acToCyBaHHSIM (m + 1) -ome-

pauil  UUKIyBaHHA 10  (YHKLIAH  KOPTEXY
(P, fis--s [y) - JAOMOBHMOCH TO3Hayatu i g =

I AKOro

(aj,...,a;))

o JAJad BCiX

Moro, HamIpuKIam,

3HAYCHHA

=+«"((p, fis.r [,,)) - Takum uMHOM, BiIMOBinHO

1o ckazaHoro, g({a,,...,a,)) =a;. Bin3zHauumo,
IO CUX TIip JJIS TIO3HAUYEHHS BBEACHMX oOIlepalliii
HaMM BHUKOPHCTOBYBAJIaCh BUKJIIOYHO OIepaTOpHa
¢dopma 3amucy. BUKOpHUCTOBYIOUM X TepMaJlbHY
¢dopmy 3anucy onepauiii curHatypu I1I1A, 6ynemo
SIBHO BKa3yBaTW TiJIbKW Ti 3MiHHi, 3HAUYEHHS SIKMX
MaloThb Bary B IIbOMY BMIankKy. Hampukman, mis
ornepalii LUKIyBaHHS OyIeMO BUKOPHUCTOBYBATU

1 1
3anuc BUIALY p(x,,...,X,,) *y (fl(zl,...,zml),...,
Y

fm(zlk ,...,z,’;k )) , BKa3ylouu SBHO TiJIbKU Ti 3MiHHI,

BiIl AKUX (PYHKIII Ta mpeaukKaT 3HAYHO 3aJiexKaTh.
: j j 9
I[Ipu wupomy yHKIsS fj(z{,...,zr/nj) “Kepye
3MiHHOIO Vi Jj=L12,...,k, a 3miHHa y, BBaxa-
e€Tbcs “BuximHolo”. Crocid BiTHOBJIEHHS oOIlepa-
TOPHOI (POPMU TYT OUEBUIHUIA.
3agikcyemo Temep AesKy 3JIiYeHHY MHOXHUHY
D T1a nnga peskoro ke N po3mITHEMO KJacu ok
YaCTKOBUX Kk-apHUX (YHKIIII Ta TMpeauKaTiB
BUTJISILY DX - D i D* — {N, F} BigmoBigHO Ta

o= Ud)k 0araToOMiCHUX YacTKOBUX (DYHKIIIM i
k

npenvkatiB Ha D . Hani mig ¢yHkuismMu (mpeau-
Karamu) Ha D, D-pyskuismu (D-nipegukaramu),
OyneMo po3ymitu yHkuii (pegukatu) 3 @ . O0-
YHCJIIOBaHICTh HA D BBOAUTHCH SIK HyMepalliliHa
obuucmoBaHicts [18]. JomoBumoch uepe3 Ap°
no3Havyatu I1ITA, HOCii SIKOI CTaHOBJIATH YaCTKO-
BO peKypcHMBHi (yHKUii (o0uuciaioBaHi (QyHKIIIT,
yp-¢yHKiii) Ha D . Ilopomxyiouy MHOXUHY all-

rebpu A,° HazeeMmo ii noenoio cucmemoro (I1C),

a noBHy cuctemy IIA — ii [, -6asucom, KO

Oynb-sika 1i IIigcucreMa, 10 OTPUMYETHCS BUAA-
JIEHHAM 3 Hel Oyab-sIKoi (YHKIil, BigMiHHOI
Bil CeJEKTOpHOI YW TMpeaukKaTa, BXe He Oyae
ITOBHOIO.

ITpu nmocnimkeHHi nmoBHux cuctem ITITA Ko-
pucHUMM OynoyTh JesKi HaBeAeHI HIDKYe MO3Ha-
YEHHS$, TEPMiHM, a TAaKOX BJIACTMBOCTI Ta CYIYTHI
iM pe3ysbTaTH.

Baacmueicmo 1. n-apHa ¢yHkuis f 30epirae
LcD L+, akmo f(Lx..xL)c

n

MHOXUHY

c L [13].

Hexait Temep D — MHOXWHa OO€’KTiB, Bil-
HOCHO SKMX KOPEKTHO TOBOPUTM MPO iX CKJIAAOBI.
VdaBiMO, 110 YyHiBEpCaJbHO MHOXMHA TaKMX
CKJIaoBUX € 3fiyeHHoo. Ilo3Haummo ii B. 3adik-

cyeMo BimoOpaxeHHs P: D — 28 ne 28 — wmuo-
XUWHAa BCIX CKIHYEHHUX IMIAMHOXWH MHOXWHU B.
3MiCTOBHO Kaxyuu, s Oydb-sikoro de€ D
B(d)e 28 MHOXWHA €JeMEHTIB 3 B, sKi €
CKJIanoBUMM d — MOTO JAeHOTaTaMMU.

Baacmueicme 2. n-apHa ¢yHkuis f [-36epirae
JIEHOTaTH, SIKILO iCHYE CKiHYeHHa MHOXWHa B s C

C B raka, mo g Oyap-sakoro d =(d,,...,d,) €

€ domf B(f«d]aadn)))g
c JBw,)u B,.
i=1

LlixaBo Te, 1110 HaBeAeHi BIACTUBOCTI D-(yHK-
it 30epirarorbest B curHatypi Q. lle mae mMox-
JIMBICTb CHOPMYJIIOBATU HU3KY IMPOCTHUX i KOpPHC-

HUX HeoOXinHuX ymMoB noBHoTH st [1C AP .

crpaBeJIMBO

Teepmkenns 1. bBynb-sika moBHa cuctema aj-
reobpu Ap" 1 Oynb-gKOi HEMycTol MHOXHHU
L (Lc D, L+#@) mictuth D-pyHKILIO, SKa He
30epira€ MHOXUHY L .

Teepmkenns 2. bBynb-sika MoBHa cucTeMa aj-
rebpu A,° mictutbh Xxoua 6 onHy D-dyHKIil0, siKa
He (-30epirae AeHOTATH.

KopucHuM HaciigkoM OCTaHHBOTO TBEPILKEH-

H$I, OUEBUIIHO, € TaKe TBEPIKCHHSI.
Teepmkenns 3. bynb-sika moBHa cucTema aj-

rebpu A,° MicTuTb Xo4a 6 OIHY HECKiHEUHHO-
3HauyHy D-dyHKILito.

Binznauumo, mo B IIITA jerko MoaemoThes
JIOTiUHi 3B’I3KM MOBIIbHOI CKJIATHOCTI 4epe3 3aB-
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KIW ICTUHHUM Ta 3aBXIW XUOHWI Mpenukatu —
pr Ta p, BIIMOBIIHO, 33 JOMOMOTOK YACTKOIO

m+1

BUINAIKY OIlepallii O —0. Tak, HanpuKJan,

P(Xp,nsx,))V g, V) =0 (X505 X,),
pT(xl),O(q(yl,...,ym),pT(xl), p}:))-

p(xy,..0x,) & q(yy,....¥,) =0(p(xy,...,X,,),
O(q(yl,...,ym), pT(X1)s p}:)s pF(X1))-

_‘p(x]3~~~3xn) = O(p(x]v"axn)a PF» pT(x]))~

IToBHoTa B Knacax yp-¢yHKuiid i yp-npeamka-
TiB. KpuTepiii moBHOTH

PosrnsiHemMo 3arajibHUiT METOA 3HAXOIKEHHS
noBHux cucteM IIITA D-¢pyukuiit i D-tipenu-
KariB. BiH Oyme mnpeacTtaBiieHUN pSAOM B3aEMO-
MOB’SI3aHUX PE3YIbTATiB, 110 TOAAHiI Yy BUIJISIAL
JMOBEJAEHUX Yy MpoOlleCi BUKJIAAEHHS JIEM 1 TEOpEM.
J1s1 mo4yaTKy BU3HAYMMO OESKi IMOHSATTS Ta J0-
MOBUMOCH TIpO HU3KY KOPHUCHUX II03HAYEHb i
JIOMOBJIEHOCTEN.

3aikcyeMo ABi 37Mi4eHHI MHOXMHM D, Ta

D, 3a 3amaHuMM 11 HUX €(DEKTUBHUMU HyMepa-
uismu o, : N — D, o, : N — D, Ta posrisiHe-
mo IITIA Agf’ i AB‘;. JTOMOBUMOCH I1O3HAYaTU
€JIEMEHTH MHOXMH D, ta D, MajJeHbKUMMU JIiTe-

pamu al,bl,... i az,bz,..., MOXKJIMBO 3 HIDKHIMU

ingexcamu, BinnosinHo. Hexait mist anre6pu A"
1

BUpillleHa npobJjieMa MOBHOTU, IHIIMMU CJIOBaAMM,
3aJaHa ii MOBHA CUCTEMa Gp, Ta KOHCTPYKTUBHO

3alaHi iH’€KTUBHI BinoOpaxeHHa ¢: D, — D,
i ®:D; — D,. Ilpudyomy MHOXUHU @(D,) i
®(D;) — pekypcusHi [6, 9]. PosrisiHeMo minxin
10 BUPpILIEHHS MNPOOJEeMU TOBHOTU [Jisd ajreo-
ap
pu A D, -
Hna mnosHayeHHda D,- i D,-dyHKUi BUKO-
PMCTOBYEMO MaJIeHbKi Ta MPOIMCHI Jitepu f, g,...

i F,G,... BignosigHo, a g D- i D, -npeavka-

ES . vos

EdextuBHicTh HyMepalii o: N — D o3Hauae, 10 KOHCTPYK-
TUBHO 3aJaHa IIpolieAypa BiTHOBJIEHHSI (a) IO OyIb-SIKOMY
HOMepy ne N — BIOIIOBITHOTO HYMEPOBAHOTO e€JIEeMEHTa

a(n)e D Ta (6) 1o Oyob-IKOMY €JIEMEHTY HYMEpOBaHOI MHO-
XxuHu d € D — itoro HoMepa ne N Takoro, mo o (n) = d.

i P,R,...
BUKOPUCTAHHI TepMaJbHOI (hOpMHU 3amucy 3MiHHi
s D -pyHKuiii i D,-nipeaukaris OynemMo INo3Ha-

TiB — JiTepu p,r,... BignosigHo. Ilpu

YaT MaJICHbKUMM JliTepaMU JaTUHCHKOTO aJihaBi-
TY X,,Z,..., a 11 D,-byHkuiil i D,-npenuka-
TiB — MaJICHbKMMH JIiTepaMU TPelbKOro ajdabiTy
T,E,m,... Y BCiX BUIIagKax MOXJIMBE BUKOPUCTAH-
HS HUXHIX 1HIEKCIB.

Osnavenna 1. ¢(D,)-dyskuio f(x,...,x,)
Hazpemo D,-obpasom D,-dpyukuii F(t,...,T,),

akio  f(o(at),...,oa?)) = o(F(at,...,al)) s
Oynb-skux a,...,a’ e o(D,),9(D,) C D, .

Osnauenna 2. ¢(D,)-npenukar p(x,,...,x,)
HazBemo D,-obpasom D,-npenukara P(t,...,t,),
akio  p((ad),...,0(a?)) = P(al,...,a?) s
Oymb-aKkux ai,...,a* € o(D,),o(D,) C D, .

IMokaxemo, 110 3ameKjJapoBaHi HaBeAEHUMM
BU3HAYEHHSIMU BiTHOILLIIEHHS “OyTu 00pa3oM (PyHK-
mii” Ta “Oyrm obpa3oMm mpeaukaTa” 30epiraioThb
BJIACTMBICTb 4YaCTKOBOi peKypcuBHOCTi. Ctporo
Kaxky4u, CrpaBelljiiBa Taka Teopema.

Teopema 1. D,-06pa3 D,-up-dyHkuii (D,-4p-
npenukara) € D, -up-dyHkuicro (D,-4yp-npeauka-
TOM).

JiiicHO, 3BaXkalouM Ha e(eKTUBHICTb HyMe-
pauii o; Ta o,, a TAKOX Ha KOHCTPYKTMBHICTb
BiIOOpaX€HHS (@, JIETKO IIepeBIpUTH, IO ¢ 5K
BiZIOOpaXeHHS HYMEPOBAaHOI MHOXWHU (D,,0,)
Ha HyMepoBaHy MHOXHHY (9(Ds), oty (013'(0(D,))))
€ up-eKBiBaJeHTHIcTIO [16, 18]. 3acTrocyBaBiIu Te-
opemy 2.1.5 [18], oTpumaeMo, 110 cCIpaBemIMBa
Taka jema.

Jlema 1. D,-o6pasom D,-up-byHkuii (D,-up-
npenukara) € ¢(D,)-up-dyukuist (@(D,) -up-mipe-
JIVKAT).

3BigcH, a TaKOX 3 PEeKYPCUBHOCTI MHOXWHM
¢(D,), 6e3rocepeHbO CIIILYE Taka JeMa.

Jlema 2. byab-axa ¢(D,)-4yp-dyHKuia € D,-
yp-(yHKUIEI. AHAJOTIYHO JJIs1 TIPEIUKATiB.

3Bincu Oe3nocepeaHbO CIIAy€E CIpaBeIIM-
BicTb Teopemu 1.

Osnawenna 3. D,-yp-¢yHKuio F(t,...,1,)
HaszeeMo D,-monenmo D-¢ynkuii  f(x;,...,x,),
akio F(®(a)),...,®(al)) = ®(f(a],...,a})) ma
OyAb-SIKUX 4,...,a, € D,. D,-monens D,-npenu-
KaTa BBOAUTHLCS aHAJIOTiIYHUM YMHOM.
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Hexaii, w=¢-®". OYeBUIHO LIO y:D, >
— ®(p(D,)) — Giexuia. ToMy KOPEKTHO Ka3aTu IIpo
00epHEHE 10 y BinoOpaxeHHs. Yepe3 x MO3HAYM-
MO JesIKe pO3ILIMPEHHS BiloOpaKeHHs \u'l Dy, —
— D,. 3micTOBHO Kaxyud, D,-QyHKUil y Ta ¥
rpaloTh poJi KOOYIOUOi Ta PO3KOAYIOYOi (BYHKIIi
BinnoBigHO. Ilo3Haunmo Op, TaKy CYKYITHICTb
D,-dyukuiii i D,-npeaukaris, 110, MO-IEPLLE,
D,-monens  D,-ynkuii (D,-npenukara) 3 IIC
Op, Moxe Oyrn nobynosaHa 3 D,-(yHKuiii Ta
D, -nipequKaTiB CyKyITHOCTI Op, CKIHYEHHUM 3a-
CTOCYBAHHSIM OIlepalliii curHaTtypu Q i, mo-apyre,
D,-dyHKuii ¥ Ta ) aHaJOrYHUM CrOCOOOM MO-
XKyTb OyTu moOynosani 3 D,-(yHkuii Ta D,-npe-
JIUKATIiB CYKYIHOCTI Op,-

Osnauennss 4. BriopsiiKoBaHy IICTKY Y =
=(D,,D,, Gp,s0p,>Vs X) HA3BEMO JOMYCTUMOIO

cuctemoro (JIC), a mapy <D1,0D1> — 1l OCHOBOIO.

OueBUIHO, 10 B KOHTEKCTi BBEICHUX KOMY-
040l Ta PO3KOAYIOUOi (PYHKIIiI CIipaBemJiMBa Taka
Jema.

Jlema 3. Hexaii F(t,...,7,) — D,-up-¢yHK-
uig, a H(m,,...,n,) — D,-Monenb D,-00pa3sy QyHK-
uii F(ty,...,t,). Tomi F(a,...,a>)=yx(H(y(a}),
...,\u(aﬁ))) IJIST Oy b-SIKKX af,...,aﬁ eD,.

Jlema 4. Hexait P(t,,...,7,) — D,-up-npeau-
Kat, a R(ny,...,m,) — D,-monenb D,-00pasy npeau-
xata P(t,,...,t,). Toni P(ai,...,a?) = R(y(a}),...,
\u(aﬁ)) IJIST Oy b-SIKKX af,...,aﬁ eD,.

3Bigcu Oe3nocepeHbO CIiaye, 10 CIpaBe-
JIMBa Taka Teopema.

Teopema 2. o, — I1C anrebpu Agf.

3BaXalouu Ha Te 11O €JEMEHTU MHOXUH D i
D, — abctpakTHi O0’€KTH, B CTPYKTYpY MU He

BHUKAEMO, a 10 CAaMUX MHOXKHWH CTaBJISITbCS JIMILE
HaMOUIbII 3arajibHi BUMOTH, TPOBEACHI MOOYIOBU
MaloTh MaKCHMaJIbHO 3arajibHUil xapakrtep. Lle mae
3Mory cOpMyJIOBaTU TIPOCTy, ajie e(PEeKTUBHY
YMOBY NOBHOTU cucteMu (yHkiiii [TTTA.

* f-g € craHmapTHUM NOOYTKOM (DYHKIIi{, iHIIMMU CIOBaMU
mo dom(f-g)=dom(f) Ta ran(f-g)c
cran(g) i saxa Oymp-sikomy d € dom (f-g) 3icraBisie 3HaYeH-

us f-g(d) =g(f(d)).

Taka (PyHKIIis,

Otxe, Hexail Dl,Dz,oDl,oDz,\u,x — 00’ek-

THU, BBeAEHI padiuie. Toai cnpaseaivMBa Taka Teo-
pema.
Teopema 3. fAxio <D1,D2,GD1,GD2,W,X> €

JC, To op, — I1C anreopu Agf.

3HAUMMICTh LIbOTO Pe3yJIbTaTy IOJISTae 1e i
y TOMYy, 1110 B aOCOJIIOTHO MOTMBOBAHOMY CHOTOIHI
MOPUITYLIEHHI CIIpaBedJIMBOCTI Te3u Yepya B Horo
TJIyMAQU€HHI B KOHTEKCTi BJIACTUBOCTI HyMepawiii-
HOI OOUYMCJIIOBAHOCTI Teopema TMEPETBOPIOETbCS Ha
KpUTEPii TOBHOTH.

Teopema (kpurtepiii mosuorn). I1lo6 cuctema

Sp, oyma IIC anreGpu Agf, HEeOoOXigZHO Ta [O-
CTaTHBLO, 1100 crucTema <D1,D2,GD1,GD2,IU,X> Oyna

JIOIMYCTUMOIO CUCTEMOIO.

OTpuMaHi pe3yabTaTu NaloThb Y CBOINA CYKyI-
HOCTi TOCUTb LIJICHE YSIBJI€HHSI MPO METO[ I00y-
noBU moBHUX cucteM IIITA 4yacTKOBO peKypcHB-
HUX (QYHKIIA Ta mpeaukaTiB Haa 3JIiYeHHUMU
MHOXuHamu. Hirkye ueil meron Oyne 3acTocoBa-
HUI I BUpilleHHsT TipobieMu moBHoTH [TITA
y Kjaci up-¢pyHKUiA Ta Yp-MpeauKaTiB Han Ipar-
MAaTUYHO 3HAYHUM Y TIpOrpaMyBaHHSI TUIIOM Ja-
HUX — MHOXUWHOIO 3aIlUCiB.

IIITA up-dyHkmiii i yp-npeaudKaTiB Hax MHO-
2KMHOI0 3aNuCiB

PizHOMaHITHI iHTYITUBHi TpaKTyBaHHS 3aIIUCy
JIy>Ke IMPOKO TpencTaBieHi B iHhopMaliiHUX TeX-
HOJIOTISIX 1 TTporpamyBaHHi. He3Baxkaouu Ha Te 110
OKpeMi MOro po3yMiHHSI JOCUTb CUJIBHO PI3HSThH-
csl, BCiM IM BJIaCTMBE HaMaraHHsI ajieKBaTHO TOIO
Y iHIIOK MipOl0 BUKOPUCTOBYBATU [JISI OMUCY
CKJIQJHO arperoBaHUX CYTHOCTEUl iMEHHi CTPYKTY-
pu. Yacrto 1mi HamaraHHsI OOTSK€Hi HE3HAYHUMMU
YaCTUHHUMMU NETAISIMM, 1110 PO3MMBAIOTh y TaKMX
oInucax CUCTEMOTBIpHY 3HAYMMICTh BJacHE Mexa-
Hi3MiB iMEHyBaHHsI. X04a, sSIK IOKa3ye IOCBil, caMe
iMEHHi CTpYKTYpU TYT CTAaHOBJISATH TOM “‘CIiIbHMUI
3HAMEHHUK”, 4yepe3 SIKMA BapTO po3IJsigaTu BCi
iHIIi acrekTu po3B’s3yBaHux 3amady. Came 1ie Ha-
MaraHHs JIEXUTb B OCHOBi HACTYITHUX TTOOYIOB.

3agikcyemo V' Ta W — Hemycri 3JiyeHHi
MHOXWHU €JIEMEHTIB, 110 TPAKTYIOTLCS BiAIIOBIIHO
SIK MHOXWHHU iMEH Ta 3HaueHb (IeHOTaTiB). Y 3a-
raJpbHOMY BUMAIKY IOMYCKAEThCH, 110 AESAKI iMEHa
MOXYTb BUCTYNaTH Yy POJIi 3HAYEHb Ta HABIAKW;
IHIIIMMUA CJIOBaMU, MOXJIMBO, 10 V "W # & .

JIIsT  TopanblIoro BUKJIAAEHHS HEOOXigHO
JIOMOBUTHUCh MPO AesIKi MO3HAUEHHs, BBECTU OC-
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HOBHI Ta JOIOMIXHiI BH3HadYeHHs. JlesIKi 3 HUX
IaMo 3apas ke, iHII OymeMo BBOOWUTU B Mipy He-
00XimHOCTi. YCi HeBU3HAYEHi IIOHATTS Ta IIO3HA-
YyeHHSs1 OymyTh TPaKTyBaTUCh y ceHci [11].

OgHUM i3 OCHOBHHUX IOHSTh LILOTO PO3iy €
3anuc. MHOXWHY BCiX 3amycCiB Hal MHOXWHOIO

iMmeH V i 3HaueHp W mosnaunmo Z W), Tenep
JIaMO BU3HAYEHHSI CaMOro 3arucy.

Osnavennsa 5. Ilinm 3anucoM Hajg MHOXHWHOIO
iMmeH V i 3HaueHb W (IIpocTO 3ammcoM, SIKIIO 3
KOHTEKCTY 3p03yMiJio, Tpo sIKi V' 1a W iine mo-
Ba) OyIeMO pPO3YyMIiTM CKiHYeHHe (YHKIIiOHaJIbHE
OiHapHE BiTHOILLIEHHS MiX MHOXWHaMH iMeH V' Ta
3HauYeHb W.

Jnsa mo3HavyeHHsI 3aluciB TOMOBUMOCH KOPU-
CTyBaTUCh TNponucHumu jirepamu 1,J,K,... Ma-
JICHbKUMMU JIiTepaMu U, v, w,... OyAeMO MO3HAYaTh
iMeHa eJIeMEeHTIB 3aluciB, Jitepamu a,b,c,d,... —
iX 3HaYeHHs, a JiTepaMu  A,WU,m,... — BJIacHE

€JIEMEHTM 3aMuciB. Y BCiX BUMaIKax 3a HEoOXil-
HOCTi MOXJIMBE BUKOPMCTaHHS iHAEKCiB. 3a HeoO-
XiIHOCTI $IBHO BKa3aTW B ITIO3HAYEHHI €JeMEHTa
3amnucy 1oro iMeHi Ta (a00) 3HayeHHsI OymeMO BU-
KOPHMCTOBYBAaTU BiMOBITHO BepxHiii Ta (a00) HIXK-
Hii1 niBi iHmexkcu. Hampuknan, Hexait A = (v,a).
Toni momycTuMi Taki BapiaHTXM MO3HAY€HHSI 1LILOIO
eqemeHTa: "A, A i JA.

Y nopanbiioMy BUKIAA€HHI JOPEYHUM MOXE
OyTM BUKOPMCTAaHHS MOPSO i3 3amMcaMM IX Tak
3BaHUX CXEM, SKi € iIMEHHMMM I1a0J0HaAMM BiAIIO-
BiIHMX 3aMKCiB.

Osnauenna 6. Ilin cxemoro 3anucy K Oy-
IEMO pPO3YMITM CKiHYEHHY MHOXWHY IMEH
{v(,...,v,}, dKa dBIge COOOIO NPOEKUiID LbLOTO
3aMucy Mo Tepilil KOMMOHEHTi, IHIIMMU CJIO-
BaMu {v,...,v,} = =pr(K), ne pr, — QyHkuiga
OpOeKIil Mo i-ii KOMIIOHEHTiI m-apHOTO BiZHO-
mweHHs (1<i<m) [11].

HJoMoBuUMOCh cxeMmy 3amucy [ II03HayaTu
sh(I) ={v,...,v,}, a caM 3anuc Ha3uBaTU IS
KOMITaKTHOCTI sh([)-3anmucom, abo 3amycoM TUIMY
sh(l). 3anucu, 1O MalOTh OJHAKOBI CXEeMH, JIO-
MOBMMOCH Ha3MBAaTU OJHOCXEMHUMMU 3amrCaMMu.
Y BumagkKy HeOOXiZHOCTI SIBHO BKAa3aTW THII 3allu-
cy I OymeMO BUKOPMCTOBYBATH IMO3HAYECHHS [ sh(l)
MHoxuHy ycix 3anucis tumny {v,...,v,} IO3Ha-
yumo Z[{v,,...,v,}]. Toni matumyTh Micue Taki
yactuHHi Bunaaku: [2 =@ ta Z|D]={2}. 3pa-

VW _

XKawyym Ha CKa3aHE€, OYE€BUOAHO, IO Z

= U Z|V’]. Y posropHyrtiit (popmi Oymemo Iio-
ve2”

nasary 3amc sk [ eVl = {(v,d)),....,(v,,d,)}.

Jns KOpeKTHOro BMKOPMCTAHHS HyMepalliii-
HOI OOYMCJIIOBAHOCTI Ha MHOXWHI 3aIliCiB HEOO-
XiIHO JHOBeCTM iCHYBaHHSI e(DEeKTMBHOI HyMepallii
muoxuun Z ") BpaxoByrouu 371iY€HHICTb MHO-
XuH V,W , a TakoxX Te, 10 Y IbOMY BUIAIKy BaX-
JIMBa HEe CTiIbKU (opma IOJaHHS iMEH Ta 3Ha-
YeHb, CKIJIbKU iX MPUHLIMIIOBO Pi3HI poJii, MOXHA,
HE OOMEXYIOUM 3arajbHICTb HACTYITHUX MOOYIOB,
BBaXxaTu, 1o V =W = N . TakuMm 4MHOM, YCi IIO-
nIajplili ¢opMaabHi NMOOYIOBU OyIeMO MPOBOIUTHU

Hax MHoxuHolo 3amucis Z V") = zV-N)
3pificHuMo moOymoBYy HyMepallii B JeKiibKa
KpokiB. Ilo-nmepiie, HeoOXimHO BpaxyBaTH, IO IS
Oynb-skoro Hemycroro 3amucy [ ={(v,,d,),...,
(v,.d,)} 1 HOMEp 30ira€Thca 3 HOMEPOM CKiH-
YeHHOI MHOXMHU M, ={n,...,n,}, e n; € HO-
o ES
MEpOM iMEHOBAaHOro ejeMeHTa 3anucy (v,,d;) .
Mg camol X MHOXWUHU M, ii HOMED 3ala€ThCH,
HarpuKJia:, Tak:

n,.+l n;, +1 n; +l1
OL’(M)Ez” .37 _“._plm ,

m-1

pe n; <n; <..<n ,n eM,s=1,....m,a p;,

i=0,1,2,... — i-te mpocre yncio (p, =2, p, =3,
p, =95, ...). Toni mykana Hymepatiist O, vw) MHO-

xuan ZY") zanaerses uepes Taky KYCKOBY CXeMy:

) 1, sxmo I = Q,
o =
z"" /(M) inakue,

ne K — peskuit 3ammc. Yepe3 Te 10 oc’Z(V,W),

OUeBUIHO, € Oi€eKlli€elo, MOXHa BBaXaTu, IO
- -1
0wy = (0 0m)
IlepeiimemMo Ge3nocepeaHbO A0 IMTAaHHS Bif-
mykaHHss noBHoi cucremu IIITA up-¢yHKuIiin Ta

: q
Yyp-MpeavKaTiB Ham 3amucamu A zl?" w) - 3BaXalouu

Ha OTPMMaHi BUILE Pe3yJIbTaTH, BUPIlIEHHS Mpo-
6nemu nosHoru IIA A%, ,, 3BomMTBCS 1O MO-

OyooBM BiINOBiMHOI HOIIyCTUMOI cucteMu. s
LIOTO 3BEPHEMOCH MO TIOHATTS MYJIBTMMHOXKU-
HU, PO3IJISIHYTOTO, Hampukian, y [14, 15]. Hexaii
U — pesika cKiHYe€HHA, MOXKJIMBO ITyCTa, MHOXMHA.

* EdextuBHa Hymeparlist MHOXUHU N 2 noOynoBaHa, HaIlpu-
kiam, y [19].
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Osnauennsn 7. MyIbTUMHOXUHOKO O 3 OCHO-
Bolo U OymeMo Ha3uBaTU CKiHYEHHOBM3HAYEHY
dyskuito Burmsany o:U - N*, ge N* — MHO-
KMHA HaTypaJbHUX 4Yucesl 0e3 Hyas, ToOTO
N* =N\{0}={1,2,3,...}. Y Bumanky HeoOXiTHOCTi

BKa3aTn OCHOBY O 6y,[[€MO BUKOPUCTOBYBaTn 1Jid

i€l MYJbTUMHOXHNHU TAaKOX ITO3HAYCHHA OCU .

be3 oOMexXeHHsI 3arajJbHOCTI MOXHa BBaXKa-
™, o U < N . [lo3HaYuMO CYKYITHIiCTb YCiX MYJb-
TUMHOXWH 3 ocHOBOIO U 4yepes M, . Toxi, oye-
BUIHO, 10 M = U M, — MHOXUHA YCiX MyJb-
ve2V
TUMHOXUH (Hag N).
JOMOBUMOCH €JIEeMEHTU MHOXWHU M mo-

3HAYaTU MAaJIeHbKMMU JIiTepaMu TpeLibKOro asdasi-
Ty «,0B,5,..., MOXIUBO 3 iHAekcamu. EnemeHTH

MYJBTUMHOXWHU OyaeMoO To3HayaTd MapamMy BU-
misiny {a,d), KOXHa 3 KOMIIOHEHT MOXe OyTu 3
iHaekcoM. Ilepily KOMNOHEHTY mapu — a — Oy-
JIeMO Ha3uBaTU apryMeHToOM, Apyry — d — 3Ha-
YeHHSIM (JIeHOTaTOM, KpaTHIiCTi0). 3 MYJIbTUMHO-
KMHAMU 3PYYHO TIOB’S13aTU TOHSTTS XapaKTepHC-
TUKU Y, Ta NoBHOro ob6pasy f[o]. Ilepiua sBise

cobor mapamerpuyHy QyHkuito x,:D—> N,

3HAQUEHHS SIKOI
Xo (@) = {

Jpyruii — Mo MyJBTUMHOXMHI o Ta BIIHOCHO
¢yukuii  f:D— D Oymye MYyJIbTUMHOXUHY
floa]’Y, ne f(U) — noBHMil 06pa3 MHOXUHU
U BigHOCHO ¢yHKIii f, a XapaKTepHUCTUKA TOBiJIb-
MHOXWHM  3aJaETHCS

> xal@), me
aef ' (a)

f~Y(a) o3Hayae TOBHMIT TpPOOGpa3 eleMEHTa a
BimHOocHO yHKUii f . [Ipy LbOMY y BUITaaKy ITyC-
TOl MHOXWHM JOJAHKIB CyMa BBaXKA€TbCS PiBHOIO
HYJIIO.

Iepeitnemo Ttenep no posrsiny IIIA AP

3aJa€ETbCAd KYCKOBOIO CXEMOIO

o(a), axmo a € dom o, )
) Ui BCiX ae N .
0 inaxmre

U

HOIO aprymMeHTy a i€l
TaKUM YUHOM: Xf[a]fw,(a):

M-up-dpyukuit Ta M-up-npeaukartiB. llikaBolo €
Taka CyKYIHicTb M-up-dyHKUiii Ta M-up-npe-
IVKaTiB  G,,, dKa BKIIOYaE npeduxam pieHocmi
o =f, 1O BU3HAYAETHCS, HAMNPUKIAL, TAK: O =
=B e Valae N =y, (a) =xp(a)) ; @yuruiro 06'eo-
Hauna U ) Taky, 110 MYJbTUMHOXHMHaM o Ta f
3ICTAaBJISIIOTh TaKy MHOXHMHY o U, B, WO s

OyIob-SIKOTO apryMeHTy «a MOro XapaKTepHUCTHKa
piBHa max(1,(@),2%y(@), TO6TO gy, (@) =

=max (x,(a),x(a)) ; YHKUIIO npsamoeo 3’ednanns

. U, : aUs
®, sIKa IOBUIbHUM MYJIBTHUMHOXHWHAM o * 1 3

. Ug U xU
3ICTaBJISIE MYJIBTUMHOXUHY (ocUu ®B Py P

PaKTepUCTUKA apIyMEHTIB < a;,a, > SKOI 3a[a€Thb-
e TaKk: x(<ap,a, >) = X Vo (a)) 'Xﬁuﬁ (ay),Vay,a, €

Xa-

€ N ; dyHKUil dodasanns @ Ta GiOHIMAHHA =+, 1LIO
BU3HAYAIOThCS  BIAMOBIIHO BUpazaMu o @ =
=+[0®P] i aa+P==[ae®P]; KOHCTAHTHI (HYHKIIiT
{1"} (o) Ta & (o), 110 (DIKCYIOTh BIMOBIIHO MYJIb-
TUMHOXMHU {<L 1>} T1a @,k = a?;  dyHKUio
KpamHocmi @, 10 3iCTaBsSE€ ITBOM MYJIbTUMHO-
XUHaM Burisany {(m,1)} 1a {(r,1)} MyJIbTUMHOXHU-

Hy {(n,r)}; a TaKOX ceeKTopHi (yHKuii /, . 3Ha-
YMMICTb OINMCAHOI BULIE CYKYIHOCTI G,, IOJArae

B TOMY, 1IO CIIpaBeI/IMBa Taka TeopeMa.
Teopema (mpo NOBHOTY MYJbTHMHOMKMHHOL

IIITA). CykymHictb 6, ={= U4, D, + {1y, D s

nyn=123,...
o, Im}mzl,...,n €

A} 14, 15].
Yepes momiOHICTh MHOXWHU 3aITUCIB Ta MYJIb-

TUMHOXWH HECKJIaIHO TIo0ymyBaTU iH’€KTUBHE
BimOOpa>k€eHHS 3 MHOXWHM 3allMCiB Yy MYJbTHU-

MHOXWHU ¢ : Z VsW) s M, 1m0 BU3HAYAETBCS SIK
o(K) ={(v,d, +1),(vy,d, +1),...,(v,,d, + 1)}, ne
me N — KilbKicTh elleMeHTiB 3amucy K. ObGep-
HeHe 10 HbOro BimoOpaxeHHs @®: M — Z-W)
OyayeTbesl aHAJIOTNYHUM YyuHOM: P (J) = {(a,,d, - 1),
(a,,d,-1),...,(a,,d, -1}, ne § — nmesAKa Myjb-
TUMHOXWHA, @ M€ N — KiJIbKICTh €JIEMEHTIB Yy
Hii. KpiM 1bOro, OYEBUOHO, 110 MHOXWHU
o(ZY"")) i ®(M) pexypcuBHi.

3 ypaxyBaHHSIM CKa3aHOIO BMIIE Ma€ Miclie
Taka Jjema.

Jdema 5. M-oopas Z V") _up-pynkuii
(ZzYW)_gp-npenukara) € o(Z Y W))-up-pynk-

noBHolo cucremoro IITTA

uiero (9(Z V""))-up-npenukarom).

3  OuYeBUAHOI PEKYPCUBHOCTI  MHOXWHM
o(Z v, W)) MOXHa 3pOOMTH BHMCHOBOK, IO OyHb-
sgka o(Z V")) -up-dyukuis € M-up-byHKui€ero.

AHajioriuHO ISl TMpeaukaTiB. TakuM UYMHOM,
COpaBelJIMBUMN TaKWiA HACIIIOK.
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Hacaidok.  M-o6pa3 ZV) _gp-dpyukuii
(Z"") _yp-npenukara) € M-dyukuiero (M-npe-
JIIUKATOM).

PosrnsiHemo HacTynHi (byHKIIIT Ta MpeauKaTh
Ha MHOXWHI 3aIlKCiB, HaBIBIIU JJI51 OKPEMUX i3 HUX
MpOCTi, ajie penpe3eHTaTUBHI MNPUKIAOU 3acTOCYy-
BaHHs. [lonepenHsO BBeAEMO KOPUCHY IS MOAAJIb-
IIMX TOOYIOB OOMOMIKHY MapaMeTpUUHy (yHK-
10 MPOEKLII 3aImcy pr, REE sKa OyIb-sIKOMY
sanucy, Hanpukian, I ={(v,,d,),...,(v,,d,)}, cra-
BUTD Y BIINOBIIHICT HOBUI 3aIUC P Vir---’vik}( I)=

E{(le’ /1) (/ Py )b, me {le"“’v/,,}E

= vi v,

ll,...,

,v,} Ta 20

.....

Ortxe, npeduxam pienocmi =, BBOLUTHCA aHAIOTIY-
HO TpeauKaTy piBHOCTi MYJIBTUMHOXWH; 8U0a1eH-
Ha no spasky +%: I+ J=p For(npr oy (D) - s
4acTKoBOro Bunaiaky pr(I)mpr(J) =9, I LJ=
= I. Hanpuxnaz, {(1,3),(2,10),(5,7)}+7{(1,1),
(2,5),(3, D} ={(5.7)}, {(5,7)}+7{(6,5),(3,7)} =
={(5,7)}, {(6,5).(3,7)}+7@={(6,5),(3,7)} ma
171 = @, VI € Z; HakJlaieHHs 3aluciB V : s
Gyms-sixux 1,J € Z"W 1N =T U pr, 1y pr iy (D) -
Y Bunagky, koom IV@=1,8VJ =0, a y BU-
naaky pr(I)npr(J)=0 IVJ=JVI=JUI.
{(1,3),(5,1}VA{(1,1),(2,5),(3,7)} =
N
={(1,1),(2,5),(3,7),(5,7)}; exnouenns 6 3anuc U :
(} ; I'U{(max(pr,(1))+1,0)},akmo I # &,
{(0,0)}, sxwo 7 = @,

st Beix [e Z0W), Hanpuknan, nus I =

Hanpuknan,

{(1,3),
+
(2,10)} Ta J =@ orpumaemo BinnosinHo U (/) =

={(1,3),(2,10),(3,0)} Ta l}(J):{(0,0)}; 6ubip

no maxcumanvHomy imeni max: max(/) =

= Plmax(pr( m{ ); obHymeHHs 3HayeHb {0}: {0}()=J,
e pl‘l(J)=pl‘l(l)&pl‘z(./)={0}.
{0}1({(1,3),(2,10)}) = {(1,0),2,0)};
CTaBUTh Y BiIMOBIAHICTL OyIb-SIKOMY “HeITycTOMY”
samucy  [e ZY") zanme T (J) rakwmii, wo
T () ={(v,a+1)|V(v,a)e I}; dekpemenm | : cra-

BUTh Yy BIAIOBIIHICTE OyIb-IKOMY “HeIycTomy”

Hanpuknan,

inkpemenm T :

samacy e ZY") zamme | (/)  rtakuit, 1o

a-1,a>0
L)={wb)|V(v,a)e I & b= . Y Bu-
0,a=0
naaky, skuo [ =@, 10i T() =l (I)=2
ITo3naunmo
GZ(V’W): {:Z’V - U max {0} T ‘L: m}’ ;l’z’n B
muoxuHa Z") up-dynkuiit ta ZY") -gp-
peauKaTiB.

AHaJIOTIYHO 10 MOMNEPEAHBOI0 PO3ALTY PO3LIs-
Hemo ZY")_pynkuii w Ta y — Komyrouy Ta po3-
Komytouy (PyHKIIil BiAIlOBiAHO, Taki 10 Wy =@ D,
a x — JedKe pOo3LIUPEHE BimoOpaeHHs \|I_1

Matoth Miclie Taki pe3yabTaTu.

Jdema 6. Z-")_monens M-dynkuii (M-mpe-
JMKAaTa), gKa HaJleXUTb MHOXUHI G ,,, MOXe OyTH
noOyaoBaHa 3 (PYHKIIIIT MHOXUHU © Sw.w) 32 J10-
nomoroto onepauiit ITITA.

Hna M-nipenukara piBHOCTi Ta M-QpyHKIii
Uaps =+ {11, @,,, ¢ mobynosa ix Z¥")-mone-

Jielt He € cKlagHow. ToMy He OyaeMo 3yNUHSITUCH
Ha Hux. [IpoBegeMo moOymoBy st ¢yHKLIi goma-
BaHHSI MYJbTUMHOXUH @ . [T LbOoro BBeae-

Mo gmekinbka momomixuux Z W) -yHKLi Ta
ZY")_npenvikaris, a came: 3aécou xubhuii Ta 3a6-

aucou icmunnuy ipenykarn: Fal = S(=, 1, ,S(lJ} ,1,)) Ta
Tru=S8(=1,,1,); npeduxam nepienocmi Neq =
=0(S8(=1,,1,),Fal, Tru); xoncmanmy @? =857,
1,,1,); eubip no 3pazky Sel: Sel(l,,1,) = S3(+7,
1,,8°(%,1,,1,)). Hanpuxnan, Sel({(1,1),(2,2)},
{2,3),(4,9)}) ={(2,2)} — odyukuia “Bubupae” i3
3anucy [/, Ti KOMIIOHEHTH, iMEHA SIKMX MICTATHCH
AK iMeHa KOMITOHEHTiB y 3amuci /,. Otxe, [, €
TaKUM COOi 3pa3KoM il BUOIpKY 3 /| ; MaKCUMalb-

He [ONABaHHSA OJHOCXEMHUX 3anuciB; +M** =

=53 (Neq(13,5%({0},13)),S*(1, 1}),S*(, 13)).

Tak, Hanpuknan, aua sanucis 1, ={(1,1),(2,2)} Ta
I, ={(1,3),(2,5)} orpumaemo +"*([,1,)={(11+5),
(2,2+5)}=1{(1,6),(2,7)} . Cnin 3ayBaxkuTH, 110 OIle-
pauiss MakCMMAaJIbHOTO HOHaBaHHS B 3arajJbHOMY
BUIIAZKy He KomytatuBHa +"*([},1,)#+"(1,,1,).

KomyTaTuBHICTb 30epira€TbCsl TiIbKW 151 3AMUCIB
CIIeLjaJIbHOrO BUIJVIALY, HAIPUKIIAL UL OLHOCXEM-
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HUX OIHOeJeMEHTHUX 3anuciB. Hanpuknan, skio
I, ={2,2)} Tta [1,={2)5)}, 10 +"*U,,1,)=
= +™X(1,, 1) = {2, 7).

Terep mMoxemo mepeiTu Oe3mocepeIHbO IO
no6ynosu Z W) _pynkuii ®Z-moneni M -dyHk-
uii ®. Hexail nano samucu 1, ={(v,d}),...,
(Vp,»dy )} Ta I ={(v,d}),...,(vy ,d; )} Tai, o
sh(I))nsh(l,) = {v,l,... CXeMaTU4YHO

v, }. Tomi

omepauiss ® Moxe OyIM IPOIEMOHCTPOBAHA

TabIULIECIO.
OueBuaHO, 11O LS1 omepalist “po3duBac” 3a-
nucu I, ta [, Ha “IUIAHKKA”, MO3HAYEHI Ill, 112,

121 Ta 122 3i cxeMaMu sh([ll):sh(Il)\{vrl,...,v,v},
sh(]lz):{vrl,..., sh(lzz):{vrl,...,vm}.

TakuM YMHOM, pe3yJbTyIounii 3anuc I, Moxe Oy-

v, } Ta

TH MPEeACTaBNeHuit K I3 =1, U1, Ul o I, .
lono mepuwmx 1BOX “HOAaHKiB” [; Ta I, , TO
BOHM JIETKO OTPUMYIOTbCS 3a JOMOMOIOIO paHillie
BBenieHOl GyHKUii =+, a came: I =1+1I, ma
- . z ;
I, =1,+1I,. llo x no I, ® I, , 10 cami I
Ta 122 JIETKO 3aJaloThCs 3a JAOMOMOTOI0 (hYHKIIiT
Sel: I, =Sel(l,,1,) Ta I, =Sel(l,,1,). 3am-

LIAETBCS MPOMOJIETIOBATU Z (V’W)-(I)yﬁxuilo ®?
JUISI OMTHOCXEeMHUX 3anuciB. HeBaxkko BIIEBHUTHCH,

I2v(max(12) +™ (Sel(I12, max(13))),
h
13 +# max (13))
.

f

OuyeBunHo, WO y BUnaiaky, koau sh(l,) N
Nsh(l,) =<, 3anuc 112 ®? 122 TeX € MOPOX-
HIM, OTXE, 112 @2122 = Ta, K HACJIIOOK, pe-
synprar Iy =1, ®1, = I, v, . 3 ypaxyBaHHsM
TOTO IO sh(]ll) msh(lzl) = (J no nobymnosi, oue-
BUAHO, w0 [y =1, @7 [, = [V, =1, VI, .

Jlema 7. @yHkuii y Ta ¥ MOXYThb OyTH IIO-
OymoBaHi 3 YHKIII1 CYKYIMHOCTi © PAD CKiHYEH-

HUM 3acTocyBaHHSM ornepauniii ITTTA.
CrpaBeUTUBICTh 1IOTO PE3YJIbTaTy OYeBUIHA
BHACJIIIOK 3rajiaHoi MOAIOHOCTI 3alUCiB i MyJIbTHU-
MHOXWH, TIPOCTOTU KOAYIOUOTOo Ta PO3KOMAYIOUOIo
BimoOpaxeHb ¢ i ®, a TaKOX MPOBEICHUX BUILE

nobynoB. Tomy cripaBeiyiuBa Taka jema.
V.W
Jlema 8. <M,Z( )1GM162(V,W)1W3X> — Ho-
MycTUMa CUCTeMa.
3Bigcu Ta 3 ypaxyBaHHSM CKa3aHOIO BMIIIE

0e3mocepeHbO0 BUILIMBAE CIPABEMJIUBICTh TaKOl
TEOPEMU.

+
TeopeMa 4. Gz(V,W) = {:Z’V’+Z’ U, max,{O},T,

A
0 ®“ Moxe OyrM IIpelcTaBJieHa, HaIIPUKII n=1,2,...
n yri Tpel ’ pukaan, I, — mnopomxkyloua cucrtema IITTA
Tak: m=l,....,n
Z _ 4 2 72
@ =+"(Neq(/{,13)), AP
-~ <% ZW W)
p
Tabauysa. Cxema omnepatii @ z
1 1 1 1 1 1
vl v | |- r, Vr, Va2 | Vn- Va,
1 1 1 1 1 1 1
dl dz d3 e drl dr& vos dnl_z dnl_l dnl
111 112 111
2 2 2
Y1 1) Vrl Vrs vn2—1 vn2
2 2 2 2 2 2
di | d, drl drs dn2—1 dn2
121 122 121
2 2 1 1 1 1 1 1 2 2
vil v vy vy | s | Y, Yr, Va2 | Va1 Va, Vi,-1 Vi,
2 2 1 1 1 1, 2 2 1 1 1 2 2
di | dy | dy | dy | d3 |..| d, +d, +d, dy o | dyy | dn | dpy | 4y,
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BucHoBku

CyyacHa iH(pOPMaTUKO-TEXHOJOTIYHA IPO-
OsieMaTtvka Taka, 110 HEOOXiIHWI Oe3nocepenHii
pO3IJIsiA HaBiTh HE CTUIbKU pe3y/IbTaTiB PO3B’S3KiB
MNpPOrpaMiCTCbKMX 3aday, CKUIbKM TIPOLIECIB  1X
po3B’s3aHHs. ToMy HOCHiIKEHHST 3arajJlbHO3HAYM-
MHUX CTPYKTYp OpraHizallili mOpolieciB HaOyBalOTb
CBOTOMIHI TIpiopUTeTHOro 3HayeHHs. OcobauBe Mic-
e y LMX AOCHIIKEHHS 3aliMae IpolbsiemMaTuka,
MOB’s13aHa 3 MOOYI0BOIO AIreOpUUHUX XapaKTepHu-
CTUK MparMaTUKO-OOYMOBJIEHUX KJIAciB (DYHKIII,
y T.4. 3 pilleHHIM NpoOJEM MOBHOTH Y BIAMNOBIlI-
HUX ajrebpax. Y crarri Ui NMUTaHHS pO3IJsiga-
IOTbCS Ha OCHOBiI TMPUMITMBHUX IPOrpaMHUX aJl-
reop [13—15]. Tyt npencraBieHUl METOI 3HAXO.-
JKEHHS IOpoIKyrounx cykymHocteil y IIITA, skui

Cunucoxk gireparypu
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T.J1. BaxapueHko, O.1. Pegbko, 1.B. Pegpbko, IM1.0. AraHos

NMPUMITUBHA NMPOIPAMHA AJTTEEPA OBYUCITIOBAHUX ®YHKLIVM HAL SAMTUCAMU

Mpo6nemartuka. [ocnimkeHHs NPOBOAWTLCS Yy paMKkax KOMMO3MUIMHOrO nigxody A0 nporpamyBaHHs. [Mpobnemartukolo gocnia-
XeHHs1 € po3pobKa HayKOBMX 3acaf reHeancy po3s’si3Kis MporpamicTChbknx 3aaad. Mloro ocHOBY CTaHOBUTL MOHATTA KOMMAO3MLi.

MeTa gocnigxeHHA. MeTo JoCnigXeHHs1 € po3pobka 3aranbHOro METOAY OTPMMaHHST anrebpuyHMX XapakTepucTuK Knacie yHK-
Lin Ta 3aCTOCYBaHHS MOro Ans onucy nparMmaruyHoO BaXXIMBOro KIacy YacTKOBO PeKypCUBHMUX OYHKLUIA Hag 3annucamMu.

MeTtoau peanisauii. lNpoBegeHi B poboTi nobynosu 6a3yloTbCst Ha anredbpunyHMx MeTodax AOCMIOXKEHHS Mporpam Ta MeTogax
KOMMO3MLiMHOro NporpaMmyBaHHs. Y paMkax Tak 3BaHWX NporpaMHux anrebp CTporo CTaBnsiTbCA Ta BUPILLYHOTECS NPOGneMn oTpuMaHHs
XapakTepUCTUK penpe3eHTaTUBHUX KnaciB obumcnioBaHnx yHKUiN, Npobnemun 3HaxOoKEHHs1 MOPOMAXKYHUMX CYKynHocTen Ta 6asucis,
IO nociaaloTb 0gHe 3 YiNbHUX MiCUb Yy NPOrpamiCcTCbKi npobnemaruui.

Pe3ynbTaTtn gocnigxeHHA. B poboTi 3anponoHoOBaHO 3aranbHUii METOA BUPILLEHHS 3a3HayYeHux npobnemM y npumiTUBHUX Npo-
rpamHunx anre6pax (MMNA) Hag pisHUMK knacamn obuncnoBaHux GyHKUin. OTpuMaHi pe3ynbTaT BUKNaneHi y BUrnaai psagy opuriHanb-
HWUX TBEPOXXEHb, NeM Ta TeopeM. BoHM MOXyTb OyTU BUKOPUCTaHHI Mpu JOCHIOXKEHHI anrebpuyHMX XapakTepUCTUK PidHMX knaciB ob4umc-
noBaHMX YHKUIN y 3agadax opmanisadii ceMaHTUK MOB NporpamMyBaHHs.

BucHoBku. OTpuMaHi pesynbtatv € oyHOaMeHTOM AN PO3BMTKY HanpsiMy aganTUBHUX CepefoBuL NporpaMmyBaHHs. HacTynHi
KPOKM OyayTb MOB’A3aHi 3 4OCHIAXEHHSAM 3aranbHOro NMOHATTA KOMMO3uLUii Ta po3pobKo NOB’si3aHUX i3 HUM peayKUilHUX MeToaiB Ao-
cnigXeHHs1 hyHKUIN K cepefoBuLL, MparMaTnko-obymMoBneHoi 4EKOMMNO3MLT NPOrpamMiCTCbKMX 3agau.

KniouoBi cnoBa: nosHoTa obumcnioBaHux ¢yHkUin; npobnema nosHoTu B [MNA; noBHa cuctema; napu HaTypanbHUX YuCern;
up-pyHKLUiT; Yp-NnpeankaTm.

T.J1. Baxapyenko, O.U. Pegbko, N.B. Peabko, IN.0. AraHos

MPUMUTVBHASA NPOrPAMMHASA ANTTEBPA BbIYMCIUMBIX @YHKLUWW HAL SAMTUCAMU

Mpobnematuka. ViccnenoBaHve NpoBOaANUTCSt B paMkax KOMMO3WLMOHHOTO MOAXOAAa K MporpaMmmupoBaHuio. Npobnemartuka uccneno-
BaHWs — pa3paboTka Hay4HbIX 3acaj reHeauca peLleHni NPorpaMMUCTCKMX 3aaay. Ero ocHOBY COCTaBISAET NMOHATAE KOMMO3ULIMK.
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Llenb uccnepgoBaHus. Llenbio nccnenoBaHus aeBnsietcs paspaboTka obuiero metoga nonyyvyeHus anrebpavyecknx xapakrepu-
CTVK KNaccoB (YHKLMIA U NpUMEHEHWE ero Ans onuMcaHusi nparmaTuyecku BaXHOro Krnacca YacTUYHO PeKypPCUMBHBLIX (YHKUMIA Hap 3anu-
cAMM.

MeTtoabl peanusauuu. NpoBegeHHble B paboTe nocTpoeHusi 6a3upyroTcst Ha anrebpanyeckmx MeTtogax uccrnegoBaHus Npo-
rpaMm 1 MeToAMKax KOMMO3ULMOHHOMO NporpaMMMpoBaHmnsi. B pamkax Tak HasblBaeMbIX NMPorpaMmHbIX anrebp cTporo ctaeaTcs u pe-
LwatoTcs Npobnembl MNONy4YeHUs1 XapaKTEPUCTUK pernpe3eHTaTUBHbIX KIacCoB BbIMUCIUMBIX PYHKUMIA, NPOBNeMbl HAXoXOAEeHWUs NOpOX-
[aloLLMX COBOKYMHOCTEN 1 6a3nCoB, YTO 3aHUMAalOT OHO M3 rMaBHbIX MECT B NPOrpaMMuUCTCKOM npobnemaruke.

Pe3ynbTaTthl nccnegoBaHusa. B pabote npeanoxeH obwuii MeToq pelleHnss yNoMsiHyTeiX Npobnem B NpUMUTUBHBIX Nporpam-
MHbIx anrebpax (MNIMA) Hag pasHbIMKU Knaccamm BbIMMCIIMMbIX PYHKLMIA. [MonyvyeHHble pe3ynbTaTbl U3MOXEHbI B BUAE psiga opuruHanb-
HbIX YTBEpXAEHUI, neMMm n TeopeM. OHU MOryT ObiTb MCMOMb30BaHbLI NPU UCCRenoBaHWM anrebpanyecknx xapakTepucTuk pasHbiX
KNaccoB BbIYUCIMMBIX (DYHKLMI B 3adavax hopmanusaumnm CEMaHTHK S3bIKoB NPOrpaMmmMypOBaHus.

BbiBoAbl. [NonyyeHHble pe3ynbTaThl ABNATCA PyHAAMEHTOM ANs pa3BUTUS HanpaBneHus aganTUBHbBIX cpes nNporpaMmmupoBa-
Hus. Crnepgyrowime warn 6yayT cBsA3aHbl C UccnenoBaHneM obLLEero NOHATUSE KOMMO3ULMN U pa3paboTKON CBSI3aHHbIX C HAM peayKLMOH-
HbIX METOA0B UCCNenoBaHust yHKUUIA kak cpeq nparmaTuko-o6yCcrioBNEHHON [eKOMMO3MLMK NMPOrpaMMUCTCKUX 3aay.

KnioueBble cnoBa: NonHoTa BblMUCINMBIX (PYHKLMIA; Nnpobnema nonHoTel B [MA; nonHas cucteMa; napbl HaTypanbHbIX YMCern;
4p-pyHKLMM; Yp-NpeamkaTbl.

PexomenmoBana Pamoro Hapiitina mo penakiii
bakyabTETy eJIEKTPOHIKI 27 ciunst 2015 poky
HTVYY “KIII”
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