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FAST KEMENY CONSENSUS BY SEARCHING OVER STANDARD MATRICES DISTANCED
TO THE AVERAGED EXPERT RANKING BY MINIMAL DIFFERENCE

Background. The problem of ranking a finite set of objects is considered.

Objective. The goal is to develop an algorithm that would let speed up the search of the Kemeny consensus along
with substantiation of a metric to compare rankings.

Methods. An approach for aggregating experts’ rankings is suggested and substantiated. Also a metric to compare
rankings is suggested and substantiated.

Results. The developed algorithm finds a set of Kemeny rankings much faster than the classical straightforward
search. Also this set often contains a single Kemeny consensus, what fails by the straightforward search. Besides, a
single Kemeny consensus is determined at one stroke if the averaged expert ranking turns out acyclic. Thus the
problem of selecting a single Kemeny consensus is solved.

Conclusions. For 10 objects and more, where most known approaches become intractable, the algorithm still is
tractable due to searching over only those standard matrices whose distance to the first ranking differs minimally from

the distance between this ranking and the averaged expert ranking.
Keywords: ranking; Kemeny consensus; averaged expert ranking.

Introduction

Ranking objects is an important task arising
along with a lot of technical and social-economic
problems. These problems are called for multicrite-
ria optimization, dispatching priorities, distribu-
tion, resources allocation, voting schemes, etc.
Herein one deals with consensus problems where
various and contradictory demands are tried to be
satisfied. Thus a consensus is searched over a finite
set of permutations each of which shows a ranking,
and this consensus should be as close as possible to
a set of rankings given by experts or voters. The
problem of determining the consensus ranking
known as Kemeny consensus (or Kemeny ranking)
is NP-hard [1, 2]. For instance, if there are 4 ob-
jects then altogether we have 24 possible consensus
versions, but 10 objects give us 3628800 versions.
Note that here those ones are considered as acyclic
rankings. If consider any rankings then 4 ob-
jects give 64 versions, and 10 objects generate
35184372088832 versions (more than 35184 bil-
lions). For now, according to [3, 4], computational
complexity of the Kemeny consensus is reduced
down to polynomial-time approximation algo-
rithms including a deterministic algorithm [5] and
a randomized algorithm (see the reference in [1]).
A polynomial-time approximation scheme was de-
veloped in [6], although its running time turned
out completely impractical. Greedy and branch-
and-bound heuristic approaches were used in [7, §]
for the efficient exact computation of a Kemeny
consensus. A broad study of the parameterized

complexity for computing optimal Kemeny ran-
kings was provided in [1]. Many other approaches
treat similarities among objects so that it would
help to efficiently compute Kemeny rankings [9,
10]. Nevertheless, without any additional conven-
tions, Kemeny rankings are determined by straight-
forward search applying Kemeny—Snell distance or
Kendall tau ranking distance [1, 11, 12]. For
speeding up the computational process, heuristics
and approximations are applied as well. And
another question relates to heuristic initialization.
This is about the choice of the distance function,
concerning also its inputs. The matter is that the
distance to the set of experts’ rankings can be
treated differently.

Problem statement

Issuing from the Kemeny consensus is deter-
mined straightforwardly too long and the ambiguity
about measuring differences exists, the goal is to
develop an algorithm that would let speed up the
search along with substantiation of a metric to
compare rankings. Besides, the algorithm should
ensure its tractability for at least 10 objects. To
reach the declared goal, the following three items
are going to be fulfilled:

1. Represent a visualization of the general
routine of determining the Kemeny consensus.

2. Suggest and substantiate an approach for
aggregating experts’ rankings.

3. Suggest and substantiate a metric to com-
pare rankings.
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4. Develop an algorithm that would let speed
up searching over the set of the given (standard)
rankings.

5. Compare running times of the developed
algorithm and the classical straightforward search.

6. Discuss the obtain results and make a con-
clusion on them.

The general routine of determining the Kemeny
consensus

When a finite set of N objects by N e N\{1}

is ranked to a strict order, these objects are com-
pared pairwise by J experts at J € N\{l} who give

a set of J matrices {Bj}le where B = 16501 v
by B, :_B]T. and, specifically, B ;e &#) by the

NxN matrix space
Hy ={H=1hylyun * hye ==hps
hy e{-1,1} by i # k}. 1

If bl.<k/> =1 then by the j-th expert’s judgment,

conventionally, the rank of the i-th object is higher
than the rank of the k-th object. And vice versa,

by’ = -1 if the rank of the i-th object is

lower than the rank of the k-th object.
Every matrix in the space (1) reflects the
same logic.

Each expert may have a factor of its
own competence assigned before the ex-
pert procedure starts. The j-th expert’s
competence is a positive value &; which is

— J
g, e 1) for j=17 by Y&, =1.
j=1

Subsequently, the experts’ rankings

whole set of all possible rankings coincides with
N(N-1)

the space (1) which has 2 2 =~2NWV-D ele-

ments. In more specific fields of study, a Kemeny

consensus must be determined within a set

{G,},cs bY G, =g y.v and G, e &F) where
the set of indices S c {1,\/2]\] v ‘1)} and, certainly,

| S|>1. Unlike rankings {B j}le with availability

of the factors {& j}J matrices within the set

j=1>
{G,},.s do not have any weights (Fig. 1).
By the classical straightforward search, the Ke-

meny consensus G" is an element of the set [13, 14]
J

arg min 3¢,0(B;. G,) 2)
rireS j:]

if experts have non-identical competences, and is
an element of the set

J
e gin 2,08, ) ®)

if their competences are identical, where Kemeny—
Snell distance or Kendall tau ranking distance both

| Start I

Get experts’ rankings {B j}jzl

Competences
of experts are identical

r The set {G,},_ T
\ \

{B,}7_, are weighted with factors {&;}7_, .

If there is no information about the ex-
perts’ competences or these data are

Determine a set of Kemeny
rankings by weighting the

v 57,

Determine a set of Kemeny
rankings without weighting

rankings 7
the rankings {Bj } il

unreliable (unavailable), then the set
{& j}le is ignored and the rankings

{B; }521 are not weighted. Sometimes this

case is said that the experts have identical
competences.
A Kemeny consensus is a matrix

G = [g,.*k]NxN by G'e &* y . 1f not only

v v

Select a Kemeny consensus
from the set of Kemeny rankings

y
Return

Fig. 1. The Kemeny consensus is determined by either weighting the ex-

acyclic rankings are admissible, then the

perts’ rankings or not
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y

Get experts’ rankings {B j}le

False Competences True

of experts are identical

The set {G,}

resS

A

or
J
3B, . (5)

It is apparent that, generally, Be SHKy-

But with obvious mapping
b, =signb, Vi=1,N and Vk=1,N (6)

we get the matrix Be &* . The averaged

expert ranking B allows to repudiate the
weighted distances under minimum in (2)
and (3). Application of them implies

Determine a set of Kemeny
rankings as the set (2)

Determine a set of Kemeny
rankings as the set (3)

measuring differences between the set
{B j}le and each element in the set

A y

| Return I

Fig. 2. Classical straightforward search where Kemeny—Snell distance or

Kendall tau ranking distance is applied

denoted by p(B;,G,) is applied to measure the
difference between matrices B, and G, (Fig. 2).

Practically, when the number of experts is not
great, it is observed that the set (2) tends to have
fewer Kemeny rankings than the set (3) has.
Scanty groups of experts without information about
their competences generate the problem of select-
ing a single Kemeny consensus from two or more
Kemeny rankings.

Commonly, the general routine visualized in
Fig. 1 and rendered into an explicit search in Fig. 2
does not always calculate the single Kemeny con-
sensus. Another peculiarity is that the aggregation
of the experts’ rankings appears implicit. This is
because the aggregation is expected to be a matrix

B= [I;I.k] Nxny by Be S#y which is processed sub-

sequently.
An approach for aggregating experts’ rankings

A plain and simple approach for aggregating
experts’ rankings consists in ordinary averaging.

The averaged expert matrix B =[b,,] v, v is either

_ J
B-YtB, @
=

{G,},cs, though comparing B and G,
looks more natural. Besides, the averaged
expert ranking B can turn out acyclic giv-

ing the Kemeny consensus G* =B at one
stroke. Therefore, the approach for aggre-
gating experts’ rankings by (4), (5), and (6)
is reasonable. And instead of the weighted dis-
tance, the other distance is going to be applied.

A metric for comparing rankings

Straightforwardly comparing B and G, for
all re S by S = {I,VZN(N‘” } takes too long time

and is intractable itself for N >9. If acyclic ran-
kings are only admissible as standard ones, then let

the subspace of all acyclic rankings be H Ny CSHy
and the search must be just within the subspace
Ky < Sy . For further convenience, enumerate

elements of the space (1), without loss of genera-
lity, so that

G, :[gflp]zvxzv by gf,? =1
Vi=l,N-1and Vk=i+1,N. )

Obviously, G, e &%, what corresponds to the

case when the objects are ranked according to their
numbers. It is naively manifest to measure the dif-

ference between B and G, . This difference should
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be close to the difference between G, and G".
Henceforward, if X =[x;]ynw €y and Y =

= [yl yey € Sy then let

| NN
p_(X,Y) :ZZZ|xik -y l=
i=1 k=1

1N—l N
=5 2 2 Xyl @®)
i=l k=i+l

The metric (8) in the space (1) is the distance
similar to the Kendall tau ranking distance, where
just the amount of mismatches between the matri-
ces’ entries is counted up. This amount fits natively
for comparing rankings.

An algorithm with the distance to the first
ranking (7)

If Bg o#, then the distance

d, =p_,(B,G,) ©)

can be interpreted as an indicator at a point in the
subspace &#, around which the desired consen-

sus is expected to be close enough. Primarily, it
would have been sufficient to gather all the matri-
ces

{Gt}teTcS c {Gr}reS = @A%N (10)

such that

p,G,,G)=d, VieTcS. (11)

However, the equation (11) with respect to
the matrix G, produces a narrower subset of rank-
ings than that which may be needed to include the

consensus G *. This is why, instead of the equation
(11), we gather all the matrices (10) such that

p (G, G)eld, -1 d,d +1} VieTcS. (12)

As soon as the subset (10) by (12) is formed, the
subset

T" = arg min p (G, B) (13)

of indices is found. Factually, the Kemeny consensus

G'=G,.byt'el"cTcs (14)

if the subset 7" c T has just one index. If not, i.e.
|T"|>1, then the Kemeny consensus must be
sifted out from the subset {G,.} . . by applying a

supplementary criterion. Such a criterion comes to
be the distance between the set {B j}le and each

element in the set {G .} . Thus,

teT”

J
T'-argminy p (B, G.) (19
j=1
if experts have non-identical competences, and
B J
T" = i B..G.. 16
arggellTn;p_l( -G ) (16)

if their competences are identical, where the subset

T* contains indices of Kemeny rankings optimal
by the minimized difference between each of them

and the set {B;}_ . If the subset T°cT cT

has just one index, herein the Kemeny consensus

é*:Gf* by '€ T'cT'cTcS a7

comes single (Fig. 3).

It is not excluded that the subsets 7" and
T happen to be the same. Especially when
|T"|=1 and the Kemeny consensus is (14), need-

ing not finding (15) or (16). It is nonetheless ap-
parent that possibility to obtain a single Kemeny
consensus according to (17) is much stronger than
obtaining a single Kemeny consensus just accor-
ding to (14).

Gains in running times and distances to the ag-
gregation of the experts’ rankings

Denote by t(N, J) the running time by the
straightforward search, and denote by t,(N, J) the
running time by the algorithm schemed in Fig. 3.
The running time gain is
(N, J)

Y(N’J)ZTI(N, 7’

(18)

For a few objects and experts, the gain (18) is re-
verse. But y(N,J)>1 by either N >8 or by

N >5 at J >50. Amazingly enough, 10 objects
are ranked in 10 minutes, where the gain
v(10, J) >30 for any J. The gain y(0, J) in-

creases with increasing the number of experts.
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Get experts’ rankings {B j}jz

1

Calculate the matrix (4) |

I

Competences
of experts are identical

| Calculate the matrix (5)

[

v_v

| Calculate the averaged expert ranking by (6) |

| Calculate the distance (9) |

v

| Form the subset (10) by (12) |

v

| Find the subset of indices (13) |

False @ True

Competences

N

| Find the subset of indices (15) |

The averaged expert ranking B is acyclic

of experts are identical

y

The single Kemeny consensus is G’ =B

A
Return

v

The single Kemeny con-

L om ok
sensus is G = G;*

| Find the subset of indices (16)

|
)’

v

The set of Kemeny rankings consists of (17)

Fig. 3. An algorithm trying to sift out a single Kemeny consensus from the subset of standard rankings whose distance to the first
ranking (7) differs from the averaged expert ranking no more than by 1

A very important feature is the minimized score

5 J
d; = min>.¢;p(B;, G,) (19
< =

where the set {€;=J "'}/ is taken if experts have

identical competences. The score (19) stands

against the Kemeny score

J
) — mi
dj —rpelsngijp_l(B,,Gr). (20)
Despite the relationship between (19) and (20) is
the clear inequality d; > d}*, the developed algo-

rithm is still effective along with the running time
gain y(N, J) >1. Moreover, mostly the distance
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d”=p_(G;-.B)= minp G, B)

is lesser than
dS" = min G .,B
r*eS*cSp_l( r )
by

J
S* = argminZij_l(Bj, G,).
reS =

In ratios, if d*< dS”, the inequality

ds)—qd* >d;—~d}s>
*

ds d;

21

is always true. In this way, the inequality (21)
means another gain in distances to the aggregation
of the experts’ rankings: whilst losing in the mini-
mized score (19) against (20) about 1 %, we gain
up to 25 % in approximating the Kemeny consen-
sus to the averaged expert ranking.

Discussion

After a lot of modeling operations, the equality
{Gf*}f*ef* :{GI‘*}I‘*ES* (22)

reveals itself to be true for three objects irrespective
of the number of experts. When four objects are
ranked, the equality (22) falls out true at 98.5 %
rate. The rate decreases by only about 0.3 % for
hundreds of experts. By further increment of the
number of objects, the likelihood of (22) decreases
depending on J weakly. The equality (22) falls
out true in every second case when six objects are
ranked. For seven objects, it is only every third
case.
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B.B. PomaHtok

WBWAOKA Y3rOOXEHICTb 3A KEMEHI HA OCHOBI NOWYKY MO CTAHOAPTHUX MATPUUAX 3 MIHIMANIBHOKO BIf-
CTAHHIO O YCEPEOHEHOIO EKCIMEPTHOIO PAHXXYBAHHA

Mpo6nemartuka. Po3rnagaeTbcs 3agadva paHxXyBaHHSA CKIHYEHHOT MHOXMWHW 00’eKTiB.
MeTa pocnigxeHHs. Po3pobka anroputmy, sikuii 4aB 61 3MOry NpuULIBUALLUTY MOLIYK y3rogxeHocTi 3a KemeHi nopsig 3 obrpyH-

TYBaHHSIM METPUKM A5 NOPIBHAHHS PaHXyBaHb.

MeTtoauka peanisadii. [IponoHyeTbCa 1 0BrPpyHTOBYETLCS NiAXia Wo[o 06’'eQHaHHA eKCNepTHUX paHXyBaHb. T akoX NPOMOHYETb-

Cs1 1 0Br'pyHTOBYETLCA METPUKA AN MOPIBHAHHSA pPaHXXyBaHb.
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Pe3ynbTaTtn gocnigxeHHA. Po3pobneHuin anroputM 3Haxo4uTb MHOXUHY paHXyBaHb KemeHi 3Ha4yHO LWBMALIE, HDK KNacuyHun
npsAMUiA Nowyk. TakoX LS MHOXWHA 4acToO MICTUTb €OuHY Y3romxeHicTb 3a KemeHi, Wwo He BoaeTbCcs 3a npsimoro nowyky. Kpim uboro,
e€OVHa Y3rofXeHicTb 3a KemeHi BM3Ha4yaeTbCsl Bigpasy, SKLWO ycepegHEeHe eKCnepTHEe paHXyBaHHS BUABNSIETbCS auMKMivyHUM. Tak
pO3B’sI3yeTbCA 3a4ava BUOOpy €AMHOI y3roaxeHocTi 3a KemeHi.

BucHoBku. [ina 10 i 6inblwe 06’ekTiB, Ae GinbLicTb BiGOMMX NigXoaiB CTalTb HE3AaCTOCOBHUMMU, anropuTM € peani3oBHUM 3aBasi-
KV MOLUYKY MO TiNbKW TUX CTaHAAPTHUX MaTpULAX, YNS BiACTaHb A0 MEPLUOro paHXyBaHHS BiAPi3HSETbCA BiA BiACTaHI MiX UMM paHXy-
BaHHSAM Ta ycepeaHEHVNM eKCNepTHUM paHXyBaHHSIM Ha MiHIManbHy BENUYUHY.

KniouoBi cnoBa: paHxyBaHHS; y3rofxeHicTb 3a KemeHi; ycepegHeHe ekcrnepTHe paHXyBaHHS.

B.B. PomaHtok

BbICTPAA COMrMACOBAHHOCTbL MO KEMEHW HA OCHOBE NMOWUCKA MO CTAHOAPTHbIM MATPULUAM C MUHUMATb-
HbIM PACCTOAHMEM O YCPEOHEHHOIO 3KCMEPTHOIO PAHXXNPOBAHNA

Mpo6nemartuka. PaccmartpmBaeTtcsi 3agaya paHXMpoBaHUsi KOHEYHOTO MHOXECTBA OOBEKTOB.

Llenb uccnepgoBaHuA. PaspaboTka anroputma, KOTOPbIN NO3BOMUN Bbl YCKOPUTHL MOUCK COrnacoBaHHOCTH no KemeHn BmecTe ¢
060CHOBaHNEM METPUVKW AN CPaBHEHWUS PaHXUPOBaHWA.

MeTtoauka peanu3sauum. Npegnaraetca u 060CHOBLIBAETCS NMOAXOL OTHOCUTENbHO OObeaMHEHUsT SKCMEPTHBLIX PaHXUPOBaHWN.
Taioke npegnaraetcsi 1 060CHOBbIBAETCA METpUKA AN CPaBHEHWUS PaHXUPOBaHUN.

Pe3ynbTaTthl nccnegoBaHuA. Pa3paboTaHHbIi anroputM HaxoAUT MHOXECTBO paHxXupoBaHui KemeHun ropasgo GbicTpee, Yem
Knaccuyeckuii MpsiMoin nouck. Takke 3TO MHOXECTBO YacTO COAEPXKUT €AUHCTBEHHYIO CornacoBaHHOCTb No KemeHu, 4To He yaaetcs
npv npsiMom nowcke. Kpome aToro, eAMHCTBEHHAs COrflacoBaHHOCTb Mo KemeHu onpegensietcsi cpasy, ecrnu ycpeaHeHHoe aKcrnepTHoe
paHX1poBaHUe oka3blBaeTCsl aLuuknuyeckum. Tak peluaeTcs 3agada Bblbopa eauHCTBEHHOM cornacoBaHHOCTU No KemeHw.

BobiBogbl. [1ns 10 u 6onee o6bekToB, rae 60NbLUMHCTBO U3BECTHBIX MOAXOA0B CTAHOBSITCA HEUCMOMHUMbIMU, anroputM siBNsieT-
cA ocyLecTBMMbIM Bnarogapsi MOUCKY Mo TOMbKO TeM CTaHAapTHLIM MaTpuLaM, Ybe pacCTosiHUE K MEPBOMY PaHXUMpPOBaHUIO OTnn4aeT-
CS1 OT PacCTOSIHUSA MeXAY STUM PaHXMPOBAHWEM U YCPeAHEHHbBIM SKCMEPTHLIM PaHXWPOBaHUEM Ha MUHUMATIbHYIO BEMUYUHY.

KntoueBble crnoBa: paHxvpoBaHue; cornacoBaHHOCTb No KemMeHw; ycpeaHeHHOe aKCnepTHOe paHXMpoBaHue.

PexomennoBana Panoro Hapiitiia mo penakiii
GakyabTeTy NPUKIaIHOI MAaTEeMAaTUKKU 11 rpynnst 2015 poky
HTVYY “KIII”
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