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APPLICATIONS OF GENERALIZED INTEGRAL TRANSFORMS

Background. The article studies the generalized integral transforms, such as generalized Laplace’ integral transform,
generalized Stieltjes’ integral transformation.

Objective. Investigation some applications of the new generalized classical integral transforms for solving integral and
differential equations, for calculation integrals which are absent in reference and scientific literature.

Methods. We apply the methods the theory of functional variable, the theory of mathematical physics, the theory of
special function and the methods the theory applied analysis.

Results. Some new forms of generalized Laplace’ integral transform are given. With help of the r-generalized
confluent hypergeometric function the generalized Stieltjes’ integral transform is introduced. The inverse theorem of
the generalized Stieltjes’ integral transform is proved. New properties of the r-generalized confluent hypergeometric
function are explored.

Conclusions. New properties of the r-generalized confluent hypergeometric function are explored. These functions are
expressing in the form by the Fox—Wright functions. Some forms of generalized Laplace’ integral transform are given.
With help of the r-generalized confluent hypergeometric function the generalized Stieltjes’ integral transform is
introduced. Interesting examples of applications of new generalized integral transforms in the theory of differential

and integral equations, for calculation of integrals, which are absent in mathematical literature are given.
Keywords: generalized integral transforms; Laplace’ integral transforms; Stieltjes’ integral transforms.

Introduction

As it is known that the method of integral
transforms is the greatest effective contemporary
method for the solving of problems in mathematics
and other fields of the natural sciences.

Operational method extensively are used in
the solving of problems in the theory of the diffe-
rential and integral equation etc.

Heviside used these methods in electricity.
Latter these methods begin to apply in thermo-
technics and etc.

Operational methods have some preferences
before classical methods, namely:

e receiving solutions have much simple form,

e it is easy to make analysis of the solutions,

e scheme and technology of application of
the method of integral transforms is very simple.

Now the method of integral transforms re-
ceived rigorous mathematical substantiation.

In fact, the method of integral transforms is
new method for the solving of equations of the
mathematical physics and other branches of theo-
retical and practical mathematics.

The important role of the method of integral
transforms is well known in applied mathematics,
for the development of effective analytical method
for solving a wide class of boundary value problems
of the mathematical physics, the theory of the dif-
ferential and integral equations, the theory of mo-
deling and automatic control, many problems of

the theory of the special functions, for the different
branches of sciences [1—10].

The special functions are widely used in the
construction of various integral transforms [1-5,
7—-12].

Statement of the problem

In this article we consider some applications
of the new generalized classical integral transforms
for solving integral and differential equations, for
calculation integrals which are absent in reference
and scientific literature.

Main properties of the generalized confluent
hypergeometric functions

Let us consider the generalized confluent hy-
pergeometric function in the following form:
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where Rec>Rea>0,{t,p}c R;t>0;1-pB<L;B(a,c)
is the classic beta-function, and ¥, is a special

case of the generalized hypergeometric the Fox—
Wright function [2]:
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When t1=p=0 in (1) we have the classical

by #0;i=12...,p;j=12,...

confluent hypergeometric function | ®,(a;c;z) [2].
The r-confluent hypergeometric function has
the following form:
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here {a,c,d,y} c C, Rec >Rea>0,r >0,Rey >
Red>0,y>0,6>0, {t,f}c R,T>0,7-B<]1,
[ OTP(..

Let us recall the definitions of some new ge-

neralized integral transforms [9].
The generalized Laplace’ integral transforms:

) is the function of form (1).

LAf(x);p}=[x™ e f(x)dx,
0

Lif(x);p}y = [e [0 (a;c;-r(xp)) f(x)dx,
0

LAf(): 5} =
[ e foPaes ey ")) f (o, (4)
0

L, Af():y}=
[x2e " 0@ ci-r(xp) M) f(X)dx, (5)
0

where x>0,y>C,y; >0,y,>0,r20,/(x)=0 as
x<0;Rec>Rea>0; {t,p}c R,1>0,T-B<1,

x" f(x) < Me*X"
is r-confluent hypergeometric function (3).

; M, s, are constans, 1d)TB(a c;7)

As m=1,r=0 in (4), and r=0,y, =0,
v, =1 in (5) we receive Laplace’ classical integral

transform.
The general Stieltjes’ integral transforms:
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where Rea, >0,Rea, >0,Rec>0,y,>0,i= 1,_4;
{t.Blc R;t>0; ©-PB<l;r=0,,¥, is the func-
tion of the form (2).

As r=0,y,=1v,=0,y;=p the transforms

(6), (7) coincide with the Stieltjes integral trans-
form

(0137) (az;Y)
X,
(c;B);

f (x)
S{f(x); ) I Y dx
It is valid the next.
Theorem. Under the conditions of existing of
the integral transform (6) the following inversion
formula has the form:

~_ _ I'(a
f(y) = Lyll,y2,y{Lyll,y2,a2_1{ (ylz)w(z);x};y}, ®)
where
@(2) =P N f )2} v, =, ¥3 = ay.

Proof. Let us consider the equality
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(a;7) (ay37)
X,
(c;B);
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Let in (8) Y4 =Y, Y3 =@, and taking into ac-
count (9) we obtain (8).

About other integral transforms can be found
in [9].

Let us give examples of applications of the
generalized integral transforms for evaluation of
some integrals, in the theory of differential and in-
tegral equations.

1) Taking into account formula [3]:
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we get
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0
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2) Let us consider the next problem:

30%u

du _odu_ 307U _ 2.
o ox X ¥ x°t; (x,t > 0), (10)
u(0,7) = 0,u(x,0) =1, u,(0,7) = 0. (11)
Rewriting the differential equation (10):
1 ou 1 0% d%u _t
oy, 1 ou _ou_1 12
x30x  x29x? 91> X’ (12)

then apply to (12) the generalized integral Laplace
transform L, , we obtain:

U):x(xa S) - 4S4U(X, s) — %X,

where U(x,s) = L, {u(x,1),s}.
The solution of the differential equation is:

(13)

U(x,s)=Ce® +Cype > - Fél/52) X,
s

where

(14)

Taking into account (13), (14), we have:

122 _T(/2)
Ux,s)=—=e =
2s? 8s°
Applying the inversion formula we get:

L[l B0/ e
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3) Let us consider the following integral equa-
tion:

]E(p(t)(x SRR 32k (a;c;—;y}it = f(x).
0

s'(x-1)

After applying the Laplace integral transform we
change the order of integration:

[ tdtwe"” x-0"" o ge—— T lagx
gcp()! (x~1) 11[ o

= L{f(x);s}.

After substitution s(x—1¢) =z we get:
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= L{f(x);s}.
As the result we have:
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here (see [9]):
B (v wir) = It“‘le"w1®f’5 [a;c;—tlyjdt.
0

4) As Rec>Rea>0,1e R,t>0,< R, >0,
lo()] <

<crhlen™ (c S, are constants), fe L(0;c0)
the Fredholm’ integral equation

t-B<1,Rex ">sy, y,>0, v,,r>0,

=
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has the solution:

00 =, 29 4 [ ux) ! f(0) K,
0



24 Haykosi sicti HTYY "KMI" 2015/4
K(x) =LGT) x’ ds, C(s) [Re(—yk +2 _lj > OJ,JU(z) is the Bessel’ func-
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(c;B); The (t,B)-generalized confluent hypergeomet-
5) Applying the formula [9] ric functions gave possibility to solve boundary
value problems for the differential equations, inte-
Ly{u" L f(x); ulsy) = @ pﬁa{ F(x);p) gral equations, to evaluate new integrals which are
absent in the mathematical literature etc. The main
we get: properties of the generalized confluent hyper-
' geometric functions are given. The new generalized
< vk 1 T(c) integral transforms are recalled, in particular, the
Py, IJ 2k QVtx)t " sintdt;y | = 2 T(@)r(v) generalized Laplace’ integral transform, the gener-
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alized Stieltjes’ integral transform.
Applications of the new generalized integral

2
T V—vk+“7'1 (2y%,0) transforms are given.
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3 and deeper applications of the new generalized in-

tegral transforms.

X . These results can be used to further widely
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H.O. BipueHko, M.O. YeTtBepTak

3ACTOCYBAHHA Y3ATANIbHEHUX IHTEMPAJTbHNX MEPETBOPEHb

Mpo6nemaTuka. CtaTTio NPUCBAYEHO OOCHIAKEHHIO Y3aranbHEHNX iHTerpanbHUX NepeTBOPeHb, a Came y3aranbHEHOro iHTerpanbHoro
nepeTBopeHHs Jlannaca, y3aranbHeHOoro iHTerpanbHoro nepetsopeHHs CTinbTbeca.

MeTta pocnigxeHHsA. [locnigxeHHs 3acTOCyBaHb HOBMX y3ararnbHeHb KMacWMYHUX iHTerpanbHUX nepeTBOpeHb AfS PO3B’si3aHHS
andepeHuianbHuX, iHTerpanbHUX piBHSHb, OOYMCIEHHS iHTerpanis, siki BiACYTHI y BigNOBIgHIM HayKOBIN niTepatypi.

MeTtoauka peanisauii. [lns gocnigkeHHs y3aranbHEHUX iHTerpanbHUX NepeTBOpeHb BUKOPUCTOBYBANMCA Metoaun Teopii dyHk-
LioHanbHOi 3MiHHOI, MaTeMaTU4HOI i3nkK, Teopii cneyianbHUX yHKUiA Ta METOAM NPUKINAAHOro aHanisy.

Pe3ynbTatn pgocnigxeHHA. B poGoTi mogaHo HOBI y3aranbHeHHs iHTerpanbHux nepeTBopeHb Jlannaca. 3a ponomoroto
r-y3aranbHeHOl KOH(MIEHTHOI rinepreoMeTpunyHoi hyHKUIT BBEAEHO y3aranbHeHe iHTerpanbHe nepetBopeHHs CTinbTbeca. [loBeaeHo
Teopemy OOepHEHHSs! y3aranbHeHOro iHTerpansHoro nepetBopeHHs CTinbTbeca. OTpYMaHO HOBI BNACTMBOCTI r-y3araribHEHUX KOHIo-
E€HTHUX rinepreomMeTpudHNX YHKLINA.

BucHoBku. [locnigxeHo HOBi BNAcTUBOCTI r-y3aranbHEeHNX KOHMEHTHUX FinepreoMeTpuyHnX yHKLUI, Lo BUpaxarTbCs Yepes
dyHkuii Pokca—PariTa. HaBegeHo gesiki opmMu y3aranbHEHOro iHTerpanbHoro nepeTsopeHHsi llannaca. 3a 4ONOMOroto r-y3aranbHeHoi
KOHCDIIOEHTHOI rinepreoMeTpunyHOi hyHKUIT 3anpoBaXeHo y3aranbHeHe iHTerpanbHe nepeTBopeHHsi CTinbTbeca. [MogaHo uikasi npu-
KNagu 3acTOCYBaHHSI HOBMX y3aranbHEHWUX iHTerpanbHUX NepeTBOpeHb Yy Teopii AudepeHuianbHUX Ta iHTerpanbHUX piBHAHb Ans 06-
UYNCMEHHS iHTerpanis, BIACYTHIX y MaTemMaTuyHin nitepartypi.

KniouyoBi cnoBa: y3aranbHeHi iHTerpaneHi NepeTBOpeHHs; iHTerpanbHe nepeTBopeHHs Jlannaca; iHTerpanbHe nepeTBOpPEeHHS
CrinbTbeca.

H.A. BupueHko, M.A. YeTBepTak

MPUMEHEHUA OBOBLLEHHBIX MHTEMPAMbHbLIX MPEOBPA30BAHUN

Mpo6nematuka. B ctatbe paccmarpuBaroTcsi 0000LLEHHbIE UHTErpanbHble Npeobpa3oBaHusi, @ UMEHHO 060bLLEHHOE MHTerparb-
Hoe npeobpasoBaHue Jlannaca, 0606LeHHOe uHTerpansHoe npeobpasoBaHme CTunbTbECA.

Llenb uccnepoBaHus. ViccrnegoBaHve NPUMEHEHUI HOBbIX OBOBLLEHHbIX KNAacCUYECKUX UHTerpanbHblx npeobpasoBaHuin ans
peLleHuit auddepeHLmanbHbiX U MHTErpanbHbIX YpaBHEHWI, AN BbIYWMCIIEHWSI MHTErpanoB, OTCYTCTBYIOLMX B MaTeMaTU4Yeckon nure-
partype.

MeTtoguka peanusauuun. [Ins uccrnegoBaHns 0606LLEHHBIX MHTErpanbHbIX Npeobpa3oBaHuii UCMONb30BaNNcb METOoAbl TEOPUU
KOMMIIEKCHOrO NepeMeHHOro, MaTeMaTuyeckol usunku, Teopus crneumanbHbliX YHKLUA, METOABI NPUKIAAHOro aHanumaa.

Pe3ynbTaTthl uccnegoBaHus. B pabote npeacraBneHo HoBoe 0b606LLeHHOe MHTerpanbHoe npeobpasoBaHue Jlannaca. C no-
MOLLbIO, r-0BOBLLEHHON KOHMMIOIHTHOW ruUnepreoMeTpuyeckor (yHKUMM BBeAEHO 0006LieHHOe wHTerpanbHoe npeobpa3oBaHue
CtunbTbeca. [lokazaHa Teopema 06 obpalyeHnm 0606LEeHHOro HTerpanbHoro npeobpasoBarHms CTunbTbeca. [NonyvyeHbl HOBble CBOW-
cTBa r-0606LLEHHbIX KOH(PIMHOIHTHBIX TMNEpPreoMeTpuHecknx QyHKUNIA.

BbiBogbl. ViccnenoBaHbl HOBble CBOMCTBA r-0606LLEHHBIX KOH(MIOIHTHBIX TMNEPreoMeTpmuiecknx pyHKUMN. 3T PyHKUUM Bbl-
paxatotca yYepes dyHkuun dokca—Pavita. [JaHbl HekoTopble hopMbl 0606LLEHHOrO MHTErpanbLHoro npeobpasoBaHus Jflannaca. C no-
MOLLbK r-0006LLEeHHOW KOHMPIIOSHTHOW rnnepreoMeTpudeckon yHKUMM BBegeHO 00600LeHHoe uHTerpanbHoe npeobpa3oBaHue
CtunbTbeca. [laHbl MHTEPECHbIE MPUMEPbI MPUMEHEHNS HOBbIX 0606LLIEHHBIX MHTErpanbHbix NpeobpasoBaHuil B Teopun amcdepeHun-
arnbHbIX U MHTErparbHbIX YpaBHEHWI AN BbIYUCTEHNS UHTErpanoB, OTCYTCTBYOLUX B MaremaTuyeckol nutepaType.

KntoueBble cnoBa: 0606LieHHble MHTErpanbHble Npeobpa3oBaHust; uHTerpanbHoe npeobpasoBaHue Jlannaca; vHTerpanbHoe
npeobpasoBaHune CtunbTbeca.

PexomennoBana Pamoro Hapiitiia mo penakitii
(hi3UKO-MaTEMAaTUYHOTO (PaKyJIbTETy 11 6epe3ns 2015 poky
HTVYY “KIII”
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