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YVIK 517.9
C.I'. Xoma-MoruibcbKa

PO3B’A30K JIHIMHOI KPAIOBOI 3AJIAYI BE3 IIOYATKOBUX YMOB
JJIA TTIHEPBOJITYHOI'O PIBHAHHA APYIOI'O ITIOPAJKY

This paper studies boundary-value problem without initial conditions for the linear non-homogeneous second-order
u0,) =u(rn,t) =0, 0<¢r<T. Using
the methods of the theory of differential equations in partial derivatives and methods of the theory of integral equa-

hyperbolic equation appearance u;, — azuxx =f(x,t), 0<x<m 0<¢<T,

tions, for arbitrary functions p(z)e C 1(R) the exact solution of the indicated problem is constructed as
at+x
I wo)doo — the solution of the homogeneous equation and

at-x

u(x,t) = uo(x, 1)+ ii(x,t), where uo(x, 1) = 2
a
t x+a(t-1)
i(x,t) = > I dt .f f(€,1)dE — a particular solution of the non-homogeneous equation. New existence conditions
a
0 x-a(t-1)

of the indicated problem are established. The classes of functions By ={u:u(z)=-w-z)=wrn-2)},

B™ ={f: f(x,t)= f(n—x,t) =—-f(-x,1)}, in which there is a classical solution of the linear boundary-value problem
without initial conditions for the second order hyperbolic equations are discriminated. Based on the results operator

A, which translates the class of functions B~ ={f: f(x,t) = f(n— x,t) =—f(-x,¢)} in itself was built. This allows

using it in the construction of approximate computations of the solution of boundary-value problems for the quasi-
linear hyperbolic equations. The results are beginning of the boundary-value problems study without initial conditions

for the second order hyperbolic equations in form u,, — a’u wx = f(x,t,u;,u,). The proposed method of construction

of the solution can be applied also to solve the semi-linear boundary-value problems.
Keywords: boundary-value problem without initial conditions, the second order hyperbolic equation, solution, operator.

Beryn

JlocmimKyoun KpailoBi MepiogdyHi 3amadi s
rinepOOJiYHKUX PiBHSHb IPYrOoro MOPSAKY $SIK JIiHii-
HUX, TaK i KBa3uiHiliHUX [1—4], Hamu Brnepiue Oy-
JIO 3aCTOCOBAHO HETPAAULIiMHMII MeTOoA ITOLIYKY
pO3B’sI3Ky BKaszaHMX 3amad. Ha BimMiHy Bim HU3KU
BueHMX [5—8], sKi BUKOPUCTOBYIOTb METOAU (DyHK-
LIOHAJIBHOTO aHaJi3y, 3TiAHO 3 SIKUMM PO3B’SI30K
IIYKAEThCS Yy BUTJSAAI TPUTOHOMETPUYHOTIO PSLy

u(x,t) = Zu «(f)sin kx, 110 aBTOMaTUYHO 3abe3re-
k=l

yye BUKOHaHHS KpaioBux yMoB u(0,7) = u(m,t) =0,
MpoTe, BUMAara€ HaKJIagaHHS JOJATKOBUX YMOB Ha
MpaBy YaCTUHY HEOTHOPITHOTO PiBHAHHS, MU CITO-
YaTKy IIYKAEMO TEPIOAWYHMIA PO3B’SI30K, a IIOTIM
TepeBipsEMO BUKOHAHHS KPailOBUX YMOB.

V mpaugx B.M. Kupunuua [9, 10] moka3saHo,
IO I JeSTIKNX PiBHSIHB Ta CUCTEM MOKXHA 3HANTH
pO3B’I30K KpalioBOi 3amavi i 0e3 IOYaTKOBUX
yMOB. SKIIIO TIOCTaBUTH 3a METy BCTAHOBUTH, Y
SIKOMY TIPOCTOPi iCHY€E HerepepBHUI (KJIaCUUHUMN)
PO3B’A30K TaKWX 3a1ad, TO Ge3mocepeaHbOi BilImo-
Bimi matm He MoxHa. JImime y mpolieci 3acTocy-

BaHHS METOMY MOIIYKY PO3B’SI3Ky MOXKHa BiAIOBi-
CTU Ha L€ NTUTAHHS.

VY wiii crarTi po3mISHEMO KpaioBy 3amady 0e3
MOYaTKOBUX YMOB IS JIIHIHHOTO HEOTHOPITHOIO Ti-
nepOoJIiYHOrO PIBHSHHS ApYyroro mopsiaky. Ha sin-
MiHY BiJl pe3yJbTariB mpailb [5—8], MU LIyKaTUMEMO
KJIaCUYHUI PO3B’SI30K MOCTaB/ICHOI 3a1ayi.

ITocTranoBka 3agaui

MeTo10 poOOTH € BCTAaHOBJIIEHHSI YMOB, IpU
SIKMX MOX€ ICHYBaTH pPO3B’SI30K TaKOi KpaloBOi
3ajavi:

Uy _azuxx = f(x,1),
0<x<m 0<¢<T, (D)
u0,0) =u(m,t) =0, 0<¢<T, 2)

Ta BUBYEHHSI BJIACTUBOCTEH IIHOTO PO3B’SI3KY.
OCHOBHI pe3yabTaTH

JloBenemMo, 1110 CTIpaBeIINBE TaKe TBEPIKEHHS:
Jema 1. Jlns nosinbHoi dyHKLii u(z) e C'(R)

i f(x,t)e Cl’o([O,n]x[O,T]) iCHYe TOYHUI PO3-



TEOPETWYHI TA NMPUKNAOHI MPOBNEMU MATEMATUKA

109

B’s130K piBHsSIHHA (1), sIKUiA BU3HA4Ya€eTHCS (Hop-
MYJIOIO

at+x

u(x,t) = 2 J wodo +

art-x

1 t x+a(t-t)

+ 2—_[dr [ rEndg=

0 x-a(t-1)
=u(x,1) +i(x,1). (3)

HoBenenHs. ITokaxeMo, 110 (pyHKILis

at+x

W'(x =5 [ nada @

art—x
€ PO3B’SI3KOM OJHOPiITHOTO PiBHSIHHS
ud —a’ul =0. (5)

OGuuciMo yacTuHHI Toximui u) i u’. Bix

byHk1il uo(x,t), BU3HaYeHOi (popmyJioro (4):

Jwar +x) dwat—x) |,
dat+x) d(at-x) )

a
u&nn=5

uﬁx(x,t)=L(

dw(at +x) dwat —x)J

2a\ d(at+x) d(at-x)

BesnocepenHbOIO MEPEBIPKOIO MEPEKOHYEMO-

csl, 110 u,? —azugx =0. Orxe, dynkuis u’(x,?),

sika BU3HaueHa (opmysoro (4), € po3B’I3KOM Ofl-
HOpiaHOrO piBHAHHSA (5).

Hani o6YncauMo ToxinHi i, i i, Bil GyHK-
wii #(x,t), BU3HAYEHOI (hOPMYJIOI0

t x+a(t-1)

a0 =5 fdv | fE&OdE )

0 x-a(t-1)

Maemo
i,(x,1) = %i(f(x +a(t-1),T)+
+ f(x—a(t-1),1))dr;
i, (x,1) :%i(f(x+a(t—r),r)—

- f (x-a(t-1),7)d,

i, (x,1) = %(f(x, H+ f(x,0)+

+£j-(af(x+a(t—r),r) _
250 d(x+a(t-1)

B af(x—a(t—T),T)]dT
a(x —a(t —1)) ’

p _ij-(@f(x+a(t—r),r)_

7 2a0 | (x+alt-1)

B af(x—a(t—r),r)]d17
o(x —a(t-1))

IlincTaHOBKOIO IEPEKOHYEMOCH, 1O i, —

- azﬁxx = f(x,1). OTxe, dyHkuis #(x,t), sKa BU-

3HauyeHa GopmyJiolo (6), € YACTUHHUM PO3B’SI3KOM
JIIHIMHOTO HEOMHOPiAHOTO PiBHAHHSA (1).

Takum unHOM, GyHKuis u(x, 1) = u’(x,1) +
+ U(x,t), sska BuzHaueHa Qopmyaoro (3), € po3-
B’3KOM JIiHiiTHOr0 HeomHOpimHOro piBHSHHS (1)
I JOBUTbHOI (YHKUIT W(7) e C'R) i f(x,)e
e C0([0,n]x[0,T1]).

Jlemy 1 moBeneHo.

IITo6 nosectu, 1o ¢yHKLiA #(x,?), BU3Ha-
yeHa opmynoro (6), 3a70BOJIBHSIE KpalioBi YMOBU

i(0,1) = ii(m, 1) = 0, 7

3pOOMMO DS IEPETBOPEHD.

CriouaTky BM3HaYMMO Kjac GyHKuUin f(x,?),
sl aKux i(m, ¢) = 0, To6TO

t n+a(t-T)

ii(m, 1) = % fdr | fevdg=0, ®)
0 n—a(t-1)

0<tr<T.
3po3yMiJio, 110 PiBHICTH (8) MOXe BUKOHYBa-
THCS 32 YMOBH

n+a(t-T)
j FEDIE=0,0<t<T. 9)

n—-a(t-1)

HoBememMo, 110 iCHYE KJjac (YHKILiH, 88
SKUX clpaBeliuBolo € piBHicTh (9). Ha ocHoBi
JIiBOI YaCTWMHM piBHOCTI (9) omepKyeMo

n+a(t-1) —a(t-1)

[ fevde= [ fEvde+
n—-a(t-1) n—a(t-1)

a(t-1) n+a(t-t)

+ [ feonde+ | fEndg=

—a(t-T) a(t-1)
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—a(t-1) a(t-1)
= | fEude+ [ fEnde-
n—-a(t-1) —a(t-1)
—a(t-1)
- [ fG-nvan. (10)
n—-a(t-1)

OTxe, SIKIIO BBECTU TaKMii Ki1ac (PYHKIL:

- :{f : f(x,t):f(n—x,t) :_f(_xst)}s

0<x<m 0<t<T,

To 3 piBHOCTI (10) Ipn f(x,7) € B~ BUILIMBA€E BU-
KOHaHHS yMOBH (9).
AHajoriyHo rmpu yMoBi f(x,t) e B~ Mmaemo

t a(t-1)

u(0t)——jdr j fE1)dE =0,

—a(t-1)
0<r<T.

CrpaBeIBe TBEPIKCHHSI.
Jlema 2. Slxmo f(x,t)e B~, 10 f(x,t)€

€ Oonqorpy B Qopqor) ={f 1 f(x,0) =—f(=x,1) =
= f(x+2m1)}.

HoBenenns. CnpaBai, f(x+2mt)=f(n-
~-n—x),0) =—f(n+x,0) =—f(n—(-x),1) =—f(-x,1) =

= f(x,1), 1O ¥ MOTPiOHO OYJIO JOBECTH.

Yepes Q,, MO3HAYMMO TaKWil KJIaC (PYHKIII:

Opr = {0 W(2@) = —u(-27) = Wz +2m)},

BU3HAYECHMX i HerrepepBHUX Ha R.

Jlema 3. Sxuwo p(z) € O, 10 dyHkuisn u’(x,1),
BU3HaueHa ¢opMynow (4), 3aI0BOJbHSIE KpaloBi
YMOBH

u®0,1) =u’(n,1) = 0. (11)

HoBenenns. Crpasni,
1 at
u®(0,1) = — j wo)do = 0.
2a

IMoknagemo 3amicth x y dopmyrni (4) x =m.
Maemo

mjfn (oc)doc—— I woydo +

at-m

u®(m,t) = 1
2a at T

ar+m

1 7 1
+Z:[Eu(oc)doc+% i wodo =

:Z j u(oc)afowrL j wodo +

at-mn

at-m

o j u(@2n + B)dp = 0,

11O ¥ TTOTPiOHO OYJI0 TOBECTH.

3ayeaxncenna. SAxumo uepes B
kmac GyHkuin By ={u:w(z) = -w(-z) = wr-2)},
TO PO3B’SI30K OMHOPIAHOIrO piBHAHHA (5), BU3HA-
yeHuit opmynowo (4), npu u(z) e B; Takox 3a-
JIoBoJIbHSIE KpaitoBi ymoBu (11). ChpaBmi, SKILO
Wz)e By, 10 W(z)e Oy

TakuM 4YMHOM, BpaxoBYIOUM JOBEACHI BMIIIE
TBEPIKEHHS, MOXHa cGhOpPMYIIOBaTU TaKuid pe-
3yJIbTaT.

Teopema 1. JI1s1 noBinbHOI GyHKILIT W(Z) e
e C'R)N By i dyukuii f(x,1)e CM0([0, ] x
x[0,T)N B~
3amadi (1), (2), skuii 3amaeTbes hopmyoio (3).

BcTtaHOBUMO BJIAaCTUMBOCTI PO3B’SI3KY KpaioBO1
3agaudi (1), (2).

BBenemo nosHaueHHs

u(x,t) = (Alp, f1(x,1),
ne A — oreparop, KW MOPOIKYE PO3B’SI30K JIiHil-
HOi HeomHOpimHOi KpaitoBoi 3amadi (1), (2) i mpu
nze C'RINBy, f(x,ne C(0,xIx[0,T)NB"
3a1a€THCS (POPMYJIIOIO

(Alw, fD(x, 1) =

IIO3HAYUTHU

iCHye TOUHHUI PO3B’SI30K KpaloBOl

(12)

ar+x t x+a(t-t)

- L u(a)dmijdr [ revde (13

2a at-x 0 x—a(t-1)
Teopema 2. fxwo w(z)e CR)N B, 1 f(x,1)e
e C([0,m]x[0,T]) N B~, TO cIpaBeIINBi piBHOCTI

(14)
(15)

u(-x,t) = —u(x,t);
u(m—x,t) = u(x,r1),

TOOTO orepatop A nepeBoAuTh Kiac (PyHKIIiH i3 Kiia-
cy B~y ueit xe kiac GyHKuiit (B~ —2— B7).
HoBeneHHs. Ha ocHoBi dopmynu (13)
OZIEPKYEMO
(Al /)=, 1) =

at-x t —-x+a(t-1)

2 ju(oc)doc+— j dv | fEDdE=

at+x —x—a(t-1)
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1 ar+x 1 t x—a(t-1)
5o | weydo-—[dv | f(nvdn=
a at-x a 0 x+a(t-1)

= —~(Alw, fD(x,7).

Otxe, piBHiCcTh (14) cnipaBenivBa.
Hnst noBeneHHs piBHOCTI (15) 3amuiiemo

(Alw, fD( = x,1) =

at+n—x 1 t n—-x+a(t-1)
[ wedoto-fdu [ fEodE=
at-n+x a 0 n-x-a(t-1)

=u(n—-x,1)+i(n - x,1).
OkpeMo oBeneMo, 1110

u'(m-x,1)=u’(x,1),

(m—x,t) =d(x,1).

Ha ocHoBgi ¢opmynu (4) ogepxKyeMo

at+n—x

uo(n'—x,t):L j wado =
2a
at-n+x
1 —at+x 1 2n—at-x
~5, | nE-BdB=—- [ u@dB=
—at+2n-x a —at+x
1 —2n4]‘at+x —ZnJ]aHx
=-5 wendy =~ wmdy =
2a at—x 2a ar—-x
1 azjﬁ‘-x —2nJ]‘at+x
=5 | Wdy+—— wydy =
261 at-x 2a at+x

at+x -2n

1 1
o azj_xu(v) v+ { w(y)dy

at+x

:% [ umdy+0=u’(x,1).

at-x
Bpaxosyroun dopmyny (6), MaeMo

t n-x+a(t-1)

i(m— x,1) = %jdr [

0  m—x—a(t-1)

1 t x—a(t-1)

[dv [ flr-m7dn=

2a 0 x+a(t-1)
1 t x+a(t-1)
=[x [ suodn =),

0 x-a(t-1)

(16)

(17)

(18)

(19)

(20)

TakuM 4mHOM, BpaxoBytouu piBHOCTI (19),
(20) Ha ocHoBi (16), MEPEKOHYEMOCSI y CIIpaBel-
JIMBOCTi TEOpeMHU 2.

Bucnosku

Y cTarTi BCTAaHOBJIEHO HOBiI YMOBHU ICHYBaHHS
KJIaCMYHOTIO pO3B’S3KY JIiHIHOI KpailoBoi 3a1aui 0e3
MOYaTKOBMUX YMOB JJISI TirepOOIiyHOrO PiBHSIHHS
IPYroro MOPSAKY BUNISAY U, —azuxx = f(x,1),
0<x<m 0<t<T, w(0,0)=u(n,t)=0, 0<t<T.
3anponoHOBaHO MeTOJ MOOYIOBU TaKOro pO3B’si3-
Ky Ta JOCJiIXEHO MOro BIACTUBOCTI 3aJieXKHO Bif
YMOB, HakJaJeHUX Ha KoedillieHTH.

Hng noBinbHOI QYHKIIT W(z)e C'(R) moby-
JIOBAaHO TOYHMI PO3B’SI30K BKa3aHOi 3a1ayi y BU-

rsm w(x,t) = u’(x, 1)+ ia(x, 1), ne uo(x,z)zzix
a

ar+x
X J. w(o)do. — po3B’A30K OJHOPIAHOTO PiBHSH-
ar—-x
1 t x+a(t-1)
Hs, a ﬁ(x,t)=—jdt .[ f(E 1)dE — yacTun-
2 0 x—a(t-1)
HUM pO3B’SI30K HEOJHOPIAHOTO PiBHSIHHSI.

Ha ochoBi Teopem 1, 2 moOygoBaHO olie-
patop A, SKU TepeBOAUTL Kiaac (PyHKIiM
B™ ={f:f(x,t)= f(n—x,t) =—f(-x,t)} y camoro
cebe. Lle mae 3Mory BUKOPUCTOBYBAaTH MOro mpu
noOynoBi HAOMMXKEHUX OOUYMCIEHDb PO3B’SI3KY Kpa-
MOBUX 3agay sl TinepOojiyHuX piBHAHb. OTpu-
MaHi pe3yJbTaTh € MOYATKOM BUBYEHHSI KpaiiOBUX
3aJay 0e3 II0YAaTKOBMX YMOB [JIsS TinmepOOoJidyHUX

PiBHSIHb IPYroro MopsiaxKy BUIIALY U, —azuxx =
= f(x,t,u,,u,). 3alpONIOHOBaHUN MeTOI MOOY-
IOBU PO3B’SI3KY MOXHAa 3aCTOCYBAaTHU TaKOX IS
pO3B’s3yBaHHS HaMiBJIiHIAHUX KpaloOBUX 3anauy.
Hanpuknan, aias gocaigkeHHs KpalloBUX 3anay
U1 piBHAHHSA OUCIEPCIl XBWIb BULIALY U, —

2 — - o= . =
-a‘u,, +bu, +byui, +cu =0, AKe 3aMiHOO U =

MBI e A, B — uymMcTa, 3BOIMTBCA IO PiB-

= ue
HAHHA U, —azuxx +cu=0, u(0,f)=0, u(n,t)=0,
0<¢<T, 1a OUIbLI 3aTAILHUX PIBHAHb U, —U ., +
+ou, +elF(t,x,u)=0, w0,f)=u(r,t)=0, 0<r<T,
0e U= (U, U, Uy U, Uy
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