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NOCTATHI YMOBU EPTOAUYHOCTI PO3B’SI3KIB
ABCTPAKTHUX JIIHIMHUX JTU®EPEHIIAJTBHUX PIBHAHD APYI'OI'O ITIOPAJAKY

This paper is devoted to second order abstract linear differential equations in a Banach space. For such equations the
Cauchy problem is stated, and the behavior of its solutions as # — +e is examined. The aim of the paper is to study
ergodicity and asymptotic behavior of the solutions of the strongly correct Cauchy problem. For this purpose the
theory of complete second order linear differential equations in Banach spaces, developed by Fattorini, is used. As
shown in the paper, for a wide class of equations the solutions are either ergodic or unbounded, depending on the
initial values. For the solutions to be ergodic, conditions on the linear operators-coefficients of the differential
equation and the initial values of the Cauchy problem are obtained. In case of ergodic solutions, exact values of
ergodic limits are given. In case of unbounded solutions, asymptotic behavior of solutions is described. Results
obtained in this paper are a generalization of the previously known results concerning ergodic properties of the

solutions for the Cauchy problem for the incomplete second order equations.
Keywords: ergodicity, asymptotic behavior, Banach space, linear differential equations, abstract Cauchy problem.

Beryn

IIpn mocmimkenHi 3amadi Ko mrst JTiHIMHIX
audepeHLiaTbHUX PiBHSIHb Y 6aHAXOBOMY MPOCTO-
pi BaXJIMBUM MWUTAHHSIM € TMOBEIiHKA PO3B’SI3KiB
MPU ¢ — +oo, 30KpEMa eproJuyHiCTh PO3B’sI3KiB.

IcHye po3BuHEHA Teopist eproAMYHOCTI PO3B’SI3-
KiB JIiHIMHMX OudepeHLliaIbHUX PiBHSHb TepIIOTO
nopsaaky [1, 2]. EproauyHicTb po3B’si3KiB HEMOB-
HOTO PiBHSIHHSI APYTOTro TMOPSAKY JOCTIIXKYETbCS B
npausx [3—6], 1e oTpuMaHi KpUTepii eprogmyHoc-
Ti po3B’sA3KiB 3aaa4i Kol mis aesgakux KiaciB 1mo-
YaTKOBUX YMOB. BUmagok mMOBHOTO pPiBHSIHHS ApY-
roro Mopsiiky B TiIbOEPTOBOMY MPOCTOPi PO3IJIS-
Jaetbes B [7, 8].

IIpuponHuM HampsIMOM PO3BUTKY Teopil ep-
TOOMYHOCTI € JAOCHIIXE€HHS ITOBHOTO pPiBHSIHHS
JIpyroro IoOpsiAKy B 0OaHaxoBoMmy mpocTtopi. Pe-
3yJbTaTU 1li€1 CTATTi JOIMOBHIOIOTH pE3yJbTaTH,
oTpuMaHi B [9].

ITocTanoBka 3amaui

MeTo10 CTarTi € AOCHIIKEHHS €proguyHOCTi
M acMMNOTOTUYHOI MOBEHIHKM PO3B’SI3KiB 3amadi
Kowri st niHiiHUX audepeHUialbHUX PiBHSIHb
JIpyroro TIOpsiAKy B 0aHAXOBOMY IIPOCTOpI Ta
OTPUMAHHSI JOCTaTHIX YMOB €pProAMYHOCTI TaKuX
pPO3B’SI3KiB.

O3HavyeHHd Ta monepeaHi BiroMocTi

Hexait X — OGanaxiB mpoctip, A, B — 3aMK-
HEHi, IIUIbHO BM3HAYeHi JiHilHI orepaTopu. Po3-
IJISTHEMO a0CTpaKTHE JIiHiMHe audepeHiaabHe piB-
HAHHS OIPYroro nopsiaky:

W (t) + Bu'(t) + Au(t) = 0,1 > 0, (1)

ne u:[0;+e) - X, Ta MocTaBUMO [Jis1 PiBHSIHHS
(1) 3amauy Koui:

u(0) = uy,

2
u'(0) =u,. @

Oyukuizs f():RT - X (abo R — L(X))
Ha3UBA€ETbCS (CWJILHO) €ProAMYHON0, SIKILIO iCHYE
CUJIbHA TPaHUIISI

N
lim - jo f(s)ds.

3agaua (1)—(2) Ha3UBa€ETLCS KOPEKTHOIO, SIK-
110 BUKOHYIOThCSI TaKi YMOBM:

e y BUXiTHOMY OpOCTOpi X MICTATbCS 1IJTbHI
nignpocropu Dy, D, Taki, 1O UI KOXHHUX M0Ya-
TKOBUX YMOB U, € Dy, u; € D; 3amava (1)—(2) mae
PO3B’SI130K;

e iCHYe mojgaTHa HecrnamgHa QyHKUiS N(7),
BU3HAaYeHa Ha R™, Taka, 1O IS KOXHOIO pPO3-
B’13KYy u(?) BUKOHYETHCS HEPiBHICTh

lu@ll< N@)(l Ol + [[«'0) [, 7 2 0.

Bignosinno go [10], skmo 3amaya (1)—(2)
KOpPEKTHa, TO iCHYIOTb OJHOIapaMeTpUyHi ciM’1
C() 1 S(r) obmexeHUX JiHIMHUX OIEepaTopiB Y
X, 100 HA3WBAIOTBhCHA OIEPATOPAMM-PO3B’I3KAMM
Ta BU3HAYEHi TaKM YMHOM:

e u(t)=C(t)u, € po3s’si3koM 3anaui (1)—(2)
npu u(0) =u, € Dy, u'(0) = 0;
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e v(t)=S8()u, € pos3s’si3koM 3anmadi (1)—(2)
npu u(0) =0,u’(0)=u, € D,.

Onepatopu C(¢) i S(f) MoXHa MPOAOBXKUTU
Ha Bechb mpocTip X 3aBOSIKKA OOMEKEHOCTI.

3rigHo 3 [10], po3B’s130Kk 3amayi (1)—(2) 3 1g0-
BUIbHUMU [TOYaTKOBUMU YMOBaMU u € D, u; € D,
BU3HAYAETHCS (POPMYIOI0

u(t)=C(Huy +S\u,.

TakuM YMHOM, OOCHIIXKEHHS €proauvyHOCTi
po3B’si3kiB 3amadi (1)—(2) 3BoAUTBCS 10 HOOCHTi-
JoKeHHST eproguyHocti ¢yHkuin C(t)x i S@)x,
xe X.

BinnogigHo no [11] (muB. Takox [12]), 3amava
Komri (1)—(2) Ha3MBa€TbCS CUIIBHO KOPEKTHOIO,

SIKIIIO BOHA KOPEKTHA i 1S BCiX U € X BUKOHYIOTb-
Csl TaKi YMOBH:

SOue CY (R, X);
Vt>0:5(#)X < D(B);
BS()ue C(R™, X).

V wiii crarti 6yaemMo po3riasgaTi CUIbHO KO-
pekTHi 3agaui Ko, s SIKMX BUKOHYETbCS Ha-
CTylHa yMoOBa: icHye Take M >0, 10 mpu ycix
t>0:

C|s M,
{II Ol 3)

VxeImA:|S@Ox|sM]| x]|.

BinzHaunmo BiactuBocTi onepaTopiB C(f) Ta
S(t), t=0 (aus. [10]):

Vx e D(A) : C'(t)x = -S(t) Ax, 4)

Vxe D(B):S(t)x = C(t)x — S(t) Bx. (5)

Bsenemo Taki omepartopu:

N Y
Px = lim n Io C(s)xds,

t—>+o0

Y
Psx = lim ;jo S(s)xds,

t—+oo

(omeparopy P Ta Py BU3HAYEHI TUIBKM Ha THX
x € X, IS SKMX BiINOBiIHI I'PaHUII iCHYIOTb).

Oneparop P oOMexeHMUI, i TpuU LbOMY
| Plls M. ®yukuia C(r) (simmosimno, S(f)) ep-
roIuyYHa, SKWO omepatop P (BianosigHo, Pg)
BU3HAYEHUI Ha BCbOMY IPOCTOPI.

OCHOBHI pe3yabTaTH

Teopema 1. Hexait BukoHyeTbcsi ymoBa (3),
Mae Micue poskiam X =KerA®ImA i Takox
Ker A « D(B), B(Ker A) c Im A, Toxi

1) dyukuiss C(t) eprogmuHa (tooto C(2)x
eproaryHa Ipu ycix xe X );

2) npu xelmA ¢yHKLig S(f)x eproauyHa
i BIINIOBigHA IrpaHULA € HYJIbOBOWO: Pgx =0;

3) ipu xe Ker A, x #0, ¢yHkuiss S()x He
eproguyHa, Ta

1 ¢t
- jo S(s)xds = O(t), t — +oo.

[ns poBeaeHHST TeopeMU OyAayTh IOTPiOHI
TpU JEeMM MpPO eproamyHicte ¢yHkuin C(f)x Ta
S(f)x npu pi3HUX yMOBaxX Ha €JIeMEHT x € X.

Jlema 1. Hexait BukoHyeTbcst ymoBa (3). Toni
mst Oyab-sskoro xe Im A eproauyHa rpaHuus
dynkuii S(f)x icHye i nopiBHIOE Pgx = 0.

HoBeneHnHsa. CroyaTky HOBEIEMO TBEp-
JokeHHs Jemu 11t x € Im A. Hexaii x = Ay. Toni
MaeMO

N Y
Psx = lim - jo S(s)xds = lim - jo S(s)Ayds =

t—+oo
oL, o1
= lim -j C'(s)yds = — lim —(C(t)- 1)y = 0.
t—too [ 0 t—>too [

TBepmxeHHs1 JeMu AoBeAeHO is1 x € Im A.
Ockinpku S(f) piBHOMipHO oOMexkeHa Ha Im A

(ymoBa (3)), To Pgx =0 i m1sg Oyab-IKOrO X €
e Im A. JleMy noBeneHO.

Jlema 2. Hexaii BukoHyeTbcs ymoBa (3). Toni

1) skmo x € Ker 4, To Px = x;

2) sikio x e Im AN D(B) Takuii, mo Bx
c m, 10 Px =0.

HoBenmennsd. fAxmo xe Ker A, ToO i3 Biac-
TUBOCTi (4) BUIUIMBA€E Take: MpPHU BCiX f e [0;+eo)
BMKOHYEThCsI piBHiCTE C’(f)x = —S(¢)Ax =0, TOMY
C(H)x = x.

BukopucroByrouu (5), mjisi BKa3aHOTO X €
e Im AN D(B) maemo

1t 1 1t
- jo C(t)xdr = ;S(t)x o jo S(7) Bxd-. (6)

Hani, 3a yMoBo10 (3), MaEMO 30iKHICTb:
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H%S(r)x < % x| = 0, # = +oo.

OTXe, CIpPSIMOBYIOUM ! — +o B (6), MaeMo
Px = PgBx. Ockinbku Bx e Im A, To 3a nemoio 1:
PgBx =0, Tomy Px =0. JleMy noBeneHo.

Jlema 3. Skmo BUKOHYeTbcsI ymoBa (3),
Ker A c D(B), B(KerA)cImA, 1o mis Oymb-
akoro x € Ker A, x # 0, Mae Mmicue

;'[Ot S(s)xds = O(t), t — +oo,

i TOMy eproan4yHoi rpaHuui GyHkuii S(¢)x He ic-

HYE.
JHoBeneHnHs. Bisbmemo noBitbHMIT X € Ker A.
s Hporo i3 (5) MaeMo

S’(t)x =C(t)x — S(t)Bx.

ITpoiHTerpyBaBilM OCTaHHIO TOTOXHICTh Bia 0
10 f, OTPUMYEMO

S(t)x = j(: C(t)xdt - j(: S(t) Bxd-.

Hamni, ockinbku x € Ker A4, To nipu Oyab-siKO-
My t>0: C(t)x=x (OuB. TOBEHCHHS JIeMH 2),
OTXEe, MAEMO

S(f)x = tx — j(; S(7) Bxdr.

3HOBY MPOIHTErPyEMO OCTaHHIO TOTOXHICTb
Bim 0 1o ¢, MOTIM PO3IIIUMO Ha f:

% [} S(s)xds = %x + % ([ Se)Bdsd. (7)
ITokaxeMo, 1110
1 ¢t e
- jo jo S(8)Bxdsdt = o(t), t — +oo. (8)

3a ymoBoto Teopemu Bx € Im A, oTxe, 3a Jie-

moto 1: lim lJ.OT S(s)Bxds = 0. Tomy
T

T—>+oo

<

L e
lim -H7 jo jo S(s)Bxdsdt

t—4oo I

slimlj’l

oo Ot

jo‘ S(s)Bxds||dt <

< lim 1 dt=0.

t
f—>4o0 [ 90

1,7
; jo S(s)Bxds

Otxe, noBeneHo (8). Tomy i3 (7) BUILIUBAE,
mo npu x € Ker A4:

% jg S(s)xds = O(t).

Jlemy moBeneHo.
HoBeneHHs Teopemu 1. JloBedeHHS cKJjia-
JaeTbcsd 3 TphoX 4YacTUH. CHOYaTKy ITOKaXeMo,

mo X =KerA+(ImAN D(B)). IloriMm moememo
BriageHHs B(Im AN D(B)) c Im A. B ocraHHii

YaCTHHI JOBEIEMO BJIaCHE TBEPIKEHHS TCOPEMMU.
BizeMeMo moBinpHUIT Xx € D(B). 3a yMOBOIO

JIeMU HOT0 MOXHA PO3KJIACTU B CYMY X = Xyor 4 +
+ Xjos A€ Xger g € Ker A, xy— € Im A. Takox
32 YMOBOIO JIEMH X 4 € D(B), TOMy X

e Im AN D(B). Otke, MaEMO

mA €

D(B) c Ker A+ (Im AN D(B)).

Onepatop B 1IJIbHO BU3HAYEHUI, TOMY

X =Ker A+(Im AN D(B)).

Temep mepeiineMo 10 MOBENEHHS BKJIAIACHHS
B(Im AN D(B)) cIm A. Hexait xe Im AN D(B).

3a yMOBOIO TEOPEMU €JIEMEHT Bx MOXHA pO3KJa-
CTH SIK Bx = Zyer g+ 277> A€ Zkera € Ker 4,
mg € Im A. loBemeMo, 110 B IIbOMY pPO3KJamdi
Zkera =0 (T006TO Bxe ImA). Ak i B n1emi 3, ma-

€MO TOTOXXHICTb
t t
S(t)x = jo C(t)xdt - jo S(1) Bxdr,
TOMY

% [l Cyxd = %S(t)x N % (!5 Bxar,
L cxdr—Lswx-L11's ds =
[, C@xdT——S(0)x = [ S(5)2 545 =

11
= ;-[0 S(S)zKerAds‘

VY niBili 4yacTUHI OCTaHHBOI TOTOXHOCTI Mae€-

1 t . .
MO ?.[0 S(8)zj;5ds — 0 (3a nemoro 1), a iHuwi g0-

JlaHKW MpUHaAMHI oOMexeHi mo f. OmHak 3a Jie-
Moo 3 mpaBa 4dacTMHa € O(f) TpU Zye 4 % 0.

OTpumMaHe MpPOTUPIUYS IOBOIUTH, 10 Bx e Im A.
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3aBIsIKM JOBUTBHOCTI BIGOpY X € Im A D(B) Ma-
emo B(Im AN D(B)) c Im A.

Tenep posriasiHeMo eproauuHicte C(f)x. 3a
n. 1 nemu 2, gxkuo x € Ker A, To epronuyHa rpa-
HULS JOpiBHIOE Px = X.

Hai, sIK JOoBeIeHO paHillle, SIKIIO X € ImAN
N D(B), 10 Bxe Im A. Tomy 3a 1. 2 gemMu 2 ma-

emo Px =0.
Takym 4yuMHOM, eproguyHa rpaHuilsd (YHKIIiI

C(t)x icuye nnsa ycix x e Ker A+ (Im AN D(B)),

a 3aBISIKM PiBHOMIpHili odMmexeHocTi C(¢) rpaHULS

icHye i mns yeix x € Ker A+ (Im AN D(B)) = X.
Mono ¢ynkuii S(f)x, TO TBepIXEHHSI TeO-

peMM BUTIKalOTh i3 jemu 1 Tta jgemu 3. Teopemy
JIOBEICHO.
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