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FINDING AN OPTIMAL DECISIONS’ SUBSET BY MINIMAXIMAX REGRET CRITERION
REGARDING INSTABILITY OF THE DECISION FUNCTION

Background. A generalization of the minimax regret criterion is represented as even the best-assurance minimax re-
gret criterion comes inconsistent under instable evaluations of decision situations.

Objective. The goal is to formulate the minimaximax regret criterion.

Methods. Unlike the classic one, the generalized regret criterion is minimaximax which operates over generalized re-
grets. These regrets are found from a generalized decision function which is defined on a Cartesian product of a deci-
sions’ set, a set of states, and a set of metastates. Metastate describes instability of the decision function whose values
change through a set of metastates. The instability destroys assurance of minimaxed regrets found classically, so re-
grets are found over a generalized decision function. For this, utility evaluations are subtracted from the utility maxi-
mized across a decision set, or the loss/risk minimized across a decision set is subtracted from loss/risk evaluations.
Then regrets are minimized under uncertainty across two dimensions of states and metastates, that is they are mini-
maximaxed.

Results. The suggested minimaximax regret criterion allows finding an optimal decisions’ subset with not only regard-
ing instability of the decision function, but also with reducing the initial decisions’ set more, unlike the ultimate pes-
simism criterion without regrets (minimaximax/maximinimin). This especially concerns nonnegative utility matrices
with many zeros.

Conclusions. A ratio of a number of optimal decisions by the without-regret maximinimin/minimaximax to a number
of optimal decisions by the minimaximax regret criterion decreased by 1 can be interpreted as a gain of applying the
represented minimax regret criterion generalization. This gain fundamentally depends on whether sets of decisions,
states, and metastates are finite or not. If they all are finite, then the gain depends on values in a three-dimensional
regret matrix and its dimensions. It is surprising but the gain may be negative, that is finding regrets may come non-
effective.

Keywords: decision function; minimax regret criterion; optimal decisions’ subset; metastate; minimaximax regret crite-

rion.
Introduction

Minimax regret criterion preferred to classic ma-
ximin/minimax is applied in a wide variety of deci-
sion making fields [1, 2]. Its preference is simply
explained with that it usually softens ultimate pes-
simism. Minimax regret criterion is effective when
prior statistics or probabilistic measures are unrelia-
ble [1, 3, 4]. The effectiveness is nonetheless recko-
ned on constant evaluations of decision situations
(pairs of decision and state). Instability of the deci-
sion function destroys assurance of minimaxed re-
grets. For instance, instable evaluations of decision
function’s values can be a result of decision making
for a long period [5], discordance of expert estimati-
ons (multiple estimations of a decision situation with-
out consensus), bad influence of external factors on
the given decision function [6, 7], etc. Besides, point
evaluation is always much less reliable than interval
evaluation (or, at least, multiple point evaluation),
that implies multiple versions of the decision func-
tion. These aspects are equivalent to decision func-
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tion’s instability. Obviously enough, preference of mi-
nimax regret criterion can be used for optimally dea-
ling with instable decision functions as well.
Regrets, or rather fines for accepting poor de-
cisions, are found in the classical way: for every
fixed state of a utility function, evaluations over all
decisions are subtracted from the maximal evalua-
tion [1, 3, 5]. In the case of a loss/risk function,
the minimal loss/risk is subtracted from evaluations
over all decisions [8, 9]. Subsequently, maximal re-
grets are minimized. Clearly, those operations may be
problematic only for infinite decision functions of
special types. Such functions usually have disconti-
nuities and other irregularities. However, the main
problem is potential instability of decision function
which can be solved via proper formalization of in-
stable evaluations of situations. In the article [10],
risks are minimaxed regarding the risk matrix insta-
bility. This matrix is represented as a finite set of ma-
trices implying the risk matrix change through this
set. Each version of the risk matrix corresponds to a
state which is called the metastate. Thus, the finite
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change of the decision matrix is substituted with the
three-dimensional decision matrix. A generalization of
the decision function is suggested in the article [11].
The generalized decision function is defined on a
Cartesian product of a decisions’ set, a set of states,
and a set of metastates. Despite the rule of minimaxi-
max applied to the generalized decision function is
described in [11], there is an open question of how to
find regrets over such function. Even for a three-di-
mensional decision matrix, it is a matter of argument
what subtraction should be.

Problem statement

As even the best-assurance minimax regret cri-
terion comes inconsistent under instable evaluations
of decision situations, the goal is to formulate the
minimaximax regret criterion. Such a criterion will
allow finding optimal decisions’ subset regarding in-
stability of the decision function. Just as in the arti-
cles [10, 11], the instability is expressed along the third
dimension which is the metastate.

For reaching the goal, the two tasks are to be
accomplished:

1. To substantiate a rule for finding regrets
over a generalized decision function.

2. To formalize finding an optimal decisions’
subset by the criterion of applying minimaximax to
the found regrets.

Each of these two items is to be firstly explained
for the decision matrix. Then the more general case
is going to be formalized. In the end, the suggested
minimaximax regret criterion shall be discussed and a
conclusion will be given.

Finding regrets over a generalized decision
function

Denote a finite set of decisions by X = {x; }l-’\:'l
for N e N\{l}, a finite set of states by S ={s J-}JQ.:1
for Q e N\{l}, and a finite set of metastates by
M ={mf, for K e N\{I}. Let U, = (uy)y.o be
a decision matrix at the k-th metastate, where u is
an evaluation of meta-situation {x;, s;, m;} for the

decision x; by the state s;

5, at the metastate my.

Three-dimensional matrix U = {U,}X_, is the gene-
ralized decision matrix.
Now uncertainty is in two dimensions — states

and metastates. So, to execute those subtractions,
evaluations of decisions are to be extremized by each

fixed couple {s;, m,}. For utility matrices UK,

the regret for accepting poor decision in the metasi-
tuation {x;, s;, my} is

Foe = MaxX U, ; — Uy . (1)
fk = TNk ijk

If {U,}£_, are losses or risks, then

Vi = Uy — MiN U, ;. )
ijk ijk =L N zjk

Regrets (1) or (2) constitute the generalized regret
matrix R = {R, }&; by Ry = () yro-

If at least one of the sets X, .S, M is infinite,
then a generalized decision function u(x, s, m) is
defined on the set X xS x M, i.e. for all metasituati-
ons {x,s,m}by xe X, se€S, me M. Then, for a
utility function u(x, s, m) the regret for accepting
poor decision in the meta-situation {x, s, m} is

r(x, S, m) = maj?( Ll(y, S, m) —u(x, S, m) (3)
ye

If u(x, s, m) is a loss/risk function, then

r(xa S, m) = LI(X, S, m) _mi§1 Ll(y, S, m) (4)
ye

Rules (1), (3), and (2), (4) differ from classi-
cally finding regrets with the third dimension only.
So any number of dimensions can be added and the
rule remains the same: extremization over decision
set X by all the rest variables are fixed, and the
corresponding subtraction.

Minimaximax regret criterion
Regrets (1), (2), (3), or (4) must be minimi-

zed under uncertainty across those two dimensions.
Therefore, an optimal decisions’ subset

* .
X =arg min laX max r - < X 5)
x;, i=1, N | j=1, Q k=1, K

for a finite set X xS x M, or

X' =ar min{maxmax , S, } X 6
gxe)( seS meM F(X 5 m) < ( )

for an infinite set X xS x M. Consider a simple ex-
ample. Suppose that

2014 3 31
5 20,2 016 7
0 4/(2 6 23
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is a utility matrix. Here we have two metastates.
Then, executing subtractions (1) gives a regret matrix

303 4//03 05
R=:0 3 0 2{,|2 6 2 0;. ®)
215012013

An optimal decisions’ subset by (5) is

X' =arg min{max maxr,»jk}
x;, i=1,3 | Jj
=arg min_ {max{4 5}, max{3, 6}, max{5, 3}}

x;, i=1,

=arg min_ {5 6, 5} =

XI—

{x1, x3}. )]

By the way, the maximinimin rule applied to ma-
trix (7) gives

XM = arg max{ i
x;, i=1, 3 | j=I,

= arg max_ {mln{O 1}, min{l, 0},

xz—

min{0, 2}}

=arg max_ {0 0, 0} = {x;, x5, X3} = X,

xz—

(10)

that is, it does not reduce the initial set of decisions.
Discussion

The example with utility matrix (7) and its
corresponding regret matrix (8) shows simplicity of
the minimaximax regret criterion, similar to the clas-
sic minimax regret. An expected advantage of mini-
maximax regret criterion is that it will be always
reducing the initial set of decisions X more. The
example with optimal decisions’ subsets (9) and (10)
is an illustration to the expectation. If u4, =2 in-

stead of u;4, =1, we would get a single optimal de-
cision:

* .
X =arg min_ mEL max 7
x;, i=1,3 [j=1, 4 k=1, 2

= arg mi% {max{4, 4}, max{3, 6}, max{5, 3}}

=arg min_ {4 6, 5} =

Xl_

{x}
by the same maximinimin result in (10), i. e.
x;, i=1, 3

XM = arg max{mrzm ujk}

=arg max_ {mm{O 2}, min{l, 0},

Xl_

min{0, 2}}

=arg max_ {O 0, 0} =

Xl_

{x1, X5, X3} =X

This is because there are zeros in matrix (7) cor-
responding to every single decision. Such cases of
zeros-in-decisions are hopeless for classic maximin.
In another example, more grotesque one, the utility
matrix
[0 5 5 27 8 0 16
12 28 5 24 7 24 26
5 7 21 22 13 29 26
21 27 10 24 6 0O 18
11 6 19 11 24 28 6
25 11 11 18 29 0 6
17 19 7 15 16 23 5
5

122 0 18 17 0 20

0 29 12 21 6 27 20]

18 23 18 29 5 23 14

28 10 22 10 9 O 18

10 19 17 29 21 11 7
= >

12 7 16 10 23 21 5
29 8 17 26 20 21 24
20 15 6 12 25 8 28
2820 15 13 0 6 23]

16 18 14 10 25 22
26 28 9 12
9 11 4 3 16 14
14 5 1 11 21 29 20
0 10 15 27 19 16 29
% 6 12 27 24 9 9
1 27 24 18 22 10 22
2 15 29 21 11 18 25

N D W
[\
w
w

217 8 15 5 2 9
0 19 21 14 20 29 4
10 1 4 26 17 19 10
19 10 25 10 20 6 3
T8 13 4 13 10 12 26 (1)
6 7 17 28 18 3 2
18 25 24 29 0 7 11

21 21 10 1 24 8 27]

is formed by rounding uniformly distributed num-
bers within the segment [0; 30] and then inserting

zeros into U, if the rounded number is less than 5.
Without considering regrets,
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XM3) —arg max_{ min min
x;, i=1, 8 (j=1, 14 k=1, 2

= arg maLS{min{O, 2}, min{5, 0},

x;, i=l,
min{0, 1}, min{0, 1}, min{5, 0},
min{0, 2}, min{5, 0}, min{0, 1}}
=arg max {0,0,0,0,0,0,0, 0} =X,

x;, i=1, 8

that is we would not get any reduction of the ini-
tial set of decisions X. But minimaximax regret cri-
terion, applied to the generalized regret matrix
[25 23 16 0 21 29 10
13 0 16 3 22 5 0
2021 0 5 16 0 O
4 1 11 3 23 29 8
14 22 2 16 5 1 20
17 10 9 0 29 20
8 9 14 12 13 6 21
3 28 3 10 29 9 21

29 0 10 8 19 0 8
11 6 4 0 20 4 14
1 19 0 19 16 27 10
1910 5 0 4 16 21
172 6 19 2 6 230
0 21 5 3 5 6 4
9 14 16 17 0 19 0
1 9 7 16 25 21 5|
23 11 11 13 18 4 7

21 4 26 1 0 20 17
24 18 18 23 25 13 15
12 22 2816 7 0 9

=
26 17 14 0 9 13 0
0 21 17 0 4 20 20
25 0 5 9 6 19 7

24 12 0 6 17 11 4

0 8 17 14 19 27 18]
2886 4 15 4 0 23
18 24 21 3 7 10 17
- 9 15 0 19 4 23 24 (12)
20 12 21 16 14 17 1
22 18 8 1 6 26 25
100 0 1 0 24 22 16

7 4 15 28 0 21 O

in respect of utility matrix (11), gives just a single
optimal decision:

* .
X =arg min_{ max maxr;
x;, i=1, 8 [ j=1, 14 k=1, 2

X;, i=1,
max{27, 25}, max{29, 28}, max{23, 26},
max{29, 26}, max{21, 25}, max{29, 28}}
=arg min 8{29, 28, 27, 29, 26, 29, 25, 29} = {x,}.

=arg min 8{max{29, 27}, max{22, 28},

X;, i=1,

This is an evidence of how much minimaximax reg-
ret criterion is better than using maximinimin without
considering regrets.

Generally, a gain of minimaximax regret crite-

rion may be not so big. The gain g(X") can be inter-
preted as a ratio of a number of optimal decisions by
the without-regret maximinimin/minimaximax to a
number of optimal decisions by the minimaximax
regret criterion decreased by 1:

o XM
xXH=1=_1_1
g&(X) X

Of course, gain (13) fundamentally depends on whet-
her sets X, S, M are finite or not. If they all are fi-
nite, then gain (13) depends on values in matrix R
and integers N, O, K. It is surprising but there are
many combinations of those integers at which gain (13)
may be negative for an optimal decisions’ subset by (5),

when |X7| >|X™¥| and regrets are non-effective.

13)

Conclusions

Instability of the decision function forces to in-
troduce the third dimension. However, finding reg-
rets over a generalized decision function of three va-
riables differs from classically finding regrets only
with operating across that third dimension. Similar
additional operation is executed when maximal reg-
rets are minimized (a process of minimaximaxing).
The suggested minimaximax regret criterion allows fin-
ding an optimal decisions’ subset by either (5) or (6)
with not only regarding instability of the decision
function, but also with reducing the initial set of de-
cisions X more, unlike the ultimate pessimism crite-
rion without regrets (minimaximax/maximinimin).
This especially concerns nonnegative utility matrices
with many zeros, where examples with matrices (7), (8)
and (11), (12) seem quite convincing. Thus, the re-
search can be furthered in dealing rationally with spa-
rse decision matrices, where sparsity is believed to
influence on the gain (13) much severer. Ascertain-
ing a connection between them and decision trees
is going to be a promising goal.
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B.B. PomaHtok

BN3HAYEHHA NMNIAMHOXWHW ONTUMANBbHWX PILLEHL 3A MIHIMAKCUMAKCHUM KPUTEPIEM BTPAT 3 YPAXYBAHHAM
HECTABITbHOCTI ®YHKL|i PILUEHb

Mpobnemartuka. MpeacTaBnsaeTbCs y3aranbHEHHS MiHIMAKCHOTO KpUTEpIlo BTPAT, OCKISIbKM HaBiTb MiHIMaKCHUI KpUTepin BTpar i3
HalKpaLlyMM rapaHTyBaHHsSIM pe3ynbTaTy CTae HENPUAATHUM 3a HecTabinbHMX OLIHOK CUTYaLii pilleHb.

MeTa gocnigxeHHsA. MeToto cTaTTi € (hopMynioBaHHSA MiHIMaKCMMaKCHOro KpuTepito BTparT.

MeToauka peanisauii. Ha BigMiHy Big knacu4Horo, ysaranbHeHWIn KpUTepin BTPaT € MiHIMakCMMaKCoM, Lo onepye Haf y3arasnb-
HeHuMKn BTpaTamu. Lli BTpaTh 3HaxoaaTbes i3 y3aranbHeHo! YHKLIT pilleHb, sika BU3HAYaETbCA Ha leKapTOBOMY A0BYTKY MHOXWHM pi-
LEeHb, MHOXWHW CTaHIiB i MHOXUWHW MeTacTaHiB. MeTacTaH onucye HecTabinbHICTb YHKLII pilleHb, 3HaYEHHS SIKOi 3MiHIOIOTLCS MO MHO-
XUHi MeTacTaHiB. Lis HecTabinbHICTb pyliHYe rapaHTOBaHUiA pe3ynbTaT 3HaWAEHUX 3a KIacuyYHUM NpaBuIloM BTPAT, A0 SKUX 3aCTOCOBY-
€TbCS MiHIMakc, TOMy BTPaTu 3HaxXoAsTbCA 3a y3aranbHeHo (YHKLUie pilleHb. [Ins uboro OuiHKM KOPUCHOCTI BiAHIMAOTbCA Bif KOpuUC-
HOCTi, MaKC1Mi30BaHOi Ha MHOXWHI pilleHb, abo BTPaTU/pn3nkn, MiHiMi30BaHi Ha MHOXWHI pilleHb, BiAHIMAOTbCS Bid OLHOK BTpaTU/pU3uKYy.
Togai BTpaTy MIiHIMi3ylOTbCSA 3@ YMOB HEBU3HAYEHOCTI 32 BOMA BMMipamMu CTaHIB i MeTacTaHiB, TOOTO 10 HUX 3aCTOCOBYETHCA MiHIMaK-
CUMaKC.

Pe3ynbTaTtu gocnigxeHHs. [ponoHOBaHMIM MiHIMAKCMMaKCHUIA KpUTEPIn BTpaT Aa€ 3MOry 3HaxXOAMTU MIAMHOXUHY ONTUManbHUX
pilleHb, He TiNMbKy BpaxoBYyUM HECTabiNbHICTb PYHKLT pilleHb, ane TakoX i 3MEHLLYIOYW BUXiAHY MHOXVHY pilleHb Ginblue, Ha BigMiHY
BiJ KpUTEpIto KpaHbOro necMmiamy 6e3 BTpaT (MiHiMakCMMaKkc/MaKCUMIHIMIH).

BucHoBku. CniBBigHOLIEHHST YuCna onNTUMarnbHUX pilleHb 3a KpUTEpieM MakCUMiHiMiHY/MiHIMakcumakcy 6e3 ypaxyBaHHsi BTpaT
[0 yncna onTUMarnbHUX pilleHb 3a MiHIMakCMMaKCHUM KpuTepiem BTpaT, 3MeHLleHe Ha 1, Moxe OyTu iHTepnpeToBaHUM AK AESKUA BU-
rpaLu 3acTOCyBaHHS NMpeACTaBIeHOro y3aranbHeHHst MiHiIMakCHOro KpuTepito BTpaT. Liei BurpaLl NpuHLMNOBO 3anexuTb Bif, TOro, € MHOXW-
HW pillieHb, CTaHIB i METacCTaHIB CKIHYEHHUMM UM Hi. FAKLLO BOHW BCi € CKIHYEHHUMU, TO BUrpaLl 3anexuTb Bif 3Ha4eHb Yy TPMBUMIPHIA MaTpuLi
BTpaT Ta il po3mipiB. Bpaxae Te, Lo Len BUrpaLl MoXe BUSBUTUCH i HEraTUBHNM, TOBTO 3HaXOOXKEHHS BTPaT MOXe CTaTh Hee(EeKTUBHUM.

KniouyoBi cnoBa: yHKUis pilleHb; MiHIMAKCHUIA KpUTepi BTPAT; NiAMHOXMHA ONTUMAaNbHUX pilleHb; MeTacTaH; MiHiMakcumakc-
HWI KPUTEPIN BTpaT.

B.B. PomaHiok

OMPELEJNIEHVE MOOMHOXECTBA OMTUMANbHbBIX PELWEHWA MO MUHUMAKCUMAKCHOMY KPUTEPUIO MOTEPbL C
YYETOM HECTABUNBHOCTU dYHKLIMN PELLEHN

Mpo6nemartuka. MNpeacraBnsiercs 0606LLEHNE MUHUMAKCHOTO KPUTEPUSI MOTEPb, MOCKOSBbKY AaXe MUHUMAKCHBIA KpUTEpUiA no-
Tepb C HAaUMy4LWNM rapaHTMPOBaHMEM pe3yrbTaTa CTAHOBUTCS HEMOAXOASALLMUM NPU HECTAOUINBbHBLIX OLEHKaX CUTYaLIUii PELLEHWIA.

Llenb uccnepgoBanus. Lienbto ctatbu sBnsieTcs opMynmpoBaHMe MMHUMAKCMMAKCHOMO KpUTepUsi NoTepb.

MeToauka peanusaumu. B oTnmumm oT knaccuyeckoro, 0606LLEeHHbIM KpUTEPMEM NOTepb SIBNSIETCS MUHMMaKCMMAaKC, onepu-
pytoLLmn Hag o006LLEeHHbIMW NOTEPSMU. DTN NOTEPU HaxoAsTCA M3 0BOOLLIEHHON DYHKLMKN peLLeHui, onpeaensieMon Ha AekapTOBOM
NPOU3BEAEHUN MHOXECTBA PELUEHWUA, MHOXECTBA COCTOSIHUIA M MHOXECTBA MeTacoCTOsiHMI. MeTacocTosiHue onucbiBaeT HecTaburb-
HOCTb (DYHKLMU PELLUEHUI, 3HAYEHNS1 KOTOPOW U3MEHSIIOTCS MO MHOXECTBY METacoCTOsiHWUI. JTa HecTabunbHOCTb paspyLluaeT rapaHTu-
POBaHHbIV pe3ynbTaT HaWAEHHbIX MO KMAaCCMYECKOMY MpaBuily NoTepb, K KOTOPLIM NPUMEHSIETCS MUHMMAKC, MO3TOMY MOTEPU HaxoasTcs
no 0606LLEHHON PYHKLMM pelleHuin. [Ins 3TOro OLEeHKN MONE3HOCTU BbIYUTAOTCA U3 MaKCUMM3UPOBAHHOW HA MHOXECTBE peLUeHUi Mno-
NEe3HOCTU UMY MUHUMU3NPOBAHHbLIE HA MHOXECTBE peLUeHUid NoTepu/pUCKN BbIMUTaKOTCS U3 OLEHOK noTepu/pucka. Torga notepyu Mu-
HUMU3MPYIOTCSI B YCMOBUSIX HEONPEAENeHHOCTU MO ABYM U3MEPEHUSIM COCTOSIHUN U METACOCTOSIHWI, TO €CTb K HUM MPUMEHSIETCS MU-
HUMaKCUMaKC.

Pe3ynbTathl uccnegoBaHus. Npeanaraembiii MUHUMaKCUMAKCHBIA KpUTEPUIA NMOTEpb MNO3BONSET HAaX0AWUTb MNOAMHOXECTBO On-
TUMarbHbIX PELLEHUN, HE TONBKO YYUTbIBAs HECTabWUMBLHOCTL DYHKLUMMW PELLEHUI, HO TAKKE U YMEHbLUAs UCXOAHOE MHOXECTBO peLle-
HWI Bonblue, B OTNIMYUM OT KpUTEPUSI KpaliHero neccummama 6e3 notepb (MMHUMaKCUMAaKC/MaKCUMUHUMUH).

BbiBoabl. COOTHOLLEHME YMCNa ONTUMASIbHBIX PELUEHWUIA MO KPUTEPUIO MaKCUMUHUMUHA/MUHMMaKcuMakca 6e3 ydeta notepb K
4YKCy ONTUMAarbHbIX PELLUEHU MO MUHUMAKCUMAKCHOMY KPUTEPUIO NOTEPb, YMEHbLUAEMOE Ha 1, MOXET OblTb MHTEPNPETUPOBAHO Kak
HEKUI BbIUIPbILL MPUMEHEHUS NPEACTaBNEHHOro 0600LLEHNS MUHUMAKCHOTO KpUTEpUS NOTEPb. ATOT BbIUMPLILL MPUHUMMMATBHO 3aBu-
CUT OT TOro, ABMAIOTCS NI MHOXECTBA PELUEHUIN, COCTOSIHUIA M METACOCTOSIHUI KOHEYHBbIMM UMK HeT. Ecnn oHM Bce KOHEYHbI, TO BbIUr-
pbILL 3aBUCUT OT 3HAYEHUI B TPEXMEPHOWN MaTpuLe NoTepb U ee pa3mepoB. [1opasnTenbHO, HO STOT BbIUIPbILL MOXET OKa3aTbCs U He-
raTMBHbIM, TO €CTb HaXOXAEeHNE NOTEPb MOXET CTaTb HEI(EKTUBHBIM.

KnioueBble cnoBa: OyHKLUMSA peLleHnA; MUHUMAKCHBIN KpUTEpUn NoTepb; NOAMHOXECTBO ONTMMAarbHbIX PeLIeHUI; MeTacoCcTosi-
HV€; MUHUMAKCUMAKCHBIN KpUTEPUI NoTepsb.

PexomenmoBaHa Panoto Hapniitnna no penaxiii
¢akyIbTeTy IPUKIaTHOI MAaTEMATUKK 27 yepBHs 2017 poky
KIII im. Iropst CikopcbKoro



