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INFLUENCE OF THE DELAY ON THE OCCURRENCE OF DETERMINISTIC CHAOS IN SOME
NON-IDEAL PENDULUM SYSTEMS

Background. The influence of the delay of interaction between pendulum and electric motor and the delay of the
medium on the dynamics of non-ideal pendulum systems of the type “pendulum-electric motor” is considered.
Mathematical model of this system is a system of ordinary differential equations with delay.

Objective. The influence of delay factors on steady-state oscillations of non-ideal pendulum systems of the type
“pendulum—electric motor” is studied.

Methods. The approaches that reduce the mathematical model of the system to a system of three or fifteen
differential equations without delay are suggested. For general analysis of nonlinear dynamics the maps of dynamical
regimes are constructed. These maps allow conducting a qualitative identification of the type of steady-state regime.
The construction of dynamical regimes maps is based on analysis and processing of spectrum of Lyapunov characteristic
exponents. Phase portraits of regular and chaotic attractors are constructed.

Results. The use of three-dimensional mathematical model to study the dynamics of “pendulum—electric motor”
systems is sufficient only at small values of the delay. For relatively high values of the delay multi-dimensional system
of fifteen equations should be used.

Conclusions. The essential influence of the delay on qualitative change in the dynamic characteristics in “pendulum—
electric motor” systems is shown. In some cases the delay is the controlling factor in the process of chaotization of
pendulum systems.

Keywords: pendulum system; systems with limited excitation; maps of dynamical regimes; regular and chaotic

attractors; delay factors.
Inroduction

In the majority of studies the dynamics of
pendulum systems are being conducted without
taking into account the limitations of excitation
source power, so it is assumed that the power of
excitation source considerably exceeds the power
that consumes the vibrating system. Such systems
are called ideal in sense of Sommerfeld—Kononen-
ko [1]. In many cases such idealization leads to
qualitative and quantitative errors in describing dy-
namical regimes of pendulum systems.

Modern development of energy efficient and
energy-preserving technologies requires the highest
minimization of excitation source power of oscilla-
tory systems. This leads to the fact that the energy
of excitation source is comparable to the energy
consumed by the oscillating system. Such systems
as “source of excitation-oscillating subsystem” are
called non-ideal by Sommerfeld—Kononenko [1].
In mathematical modeling of such systems, the
limitation of excitation source power must be al-
ways taken into account.

Another important factor that significantly af-
fects the change of steady-state regimes of dynami-
cal systems is the presence of different in their
physical substance, factors of delay. The delay fac-
tors are always present in rather extended systems
due to the limitations of signal transmission speed:
stretching, waves of compression, bending, current

strength, etc. In some cases, taking into account
factors of delay leads only to minor quantitative
changes in dynamic characteristics of pendulum
systems. In other cases, taking into account these
factors allow to identify qualitative changes in dy-
namic characteristics

The study of the influence of delay factors on
the dynamical stability of equilibrium positions of
pendulum systems was initiated by Yu. A. Mitro-
polsky [2, 3]. Initially only ideal pendulum models
were considered.

In this paper the oscillations of non-ideal
pendulum systems of the type “pendulum-electric
motor” with taking into account various factors of
delay are considered. Mathematical models of pen-
dulum system with limited excitation, taking into
account the influence of different factors of delay,
were first obtained in [4, 5]. The influence of delay
factors on existence and dynamic stabilization of
pendulum equilibrium positions at limited excita-
tion was studied. Later the existence of chaotic at-
tractors in nonideal systems “pendulum—electric
motor” was discovered and proved that the main
cause of chaos is limited excitation [6, 7].

Problem statement
The aim of this paper is to study the influence

of the delay of interaction between pendulum and
electric motor and the delay of the medium in
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non-ideal pendulum systems of the type “pendulum-
electric motor” on steady-state regular and chaotic
regimes of oscillations. Construction and analysis of
dynamical regimes maps of these systems.

Delay factors in “pendulum—electric motor”
system

Mathematical model of the dynamical system
“pendulum-electric motor” in the absence of any
delay factors can be written as the following system
of equations [4, 5, 7]:

dy] 1,2 3.
d_T:C'yl — V)3 _g(ylyz +y2),

dy2 1 3 2 .
d_T:Cyz TV Vs +§(y1 +y1y2)+13
dy

d—;:Dy2+Ey3 +F,

where phase variables y,, y, — describe the devia-

tion of the pendulum from the vertical and phase
variable y, — is proportional to the rotation speed

of the motor shaft. The system parameters are de-
fined by
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where m — the pendulum mass, / — the reduced
pendulum length, @w, — natural frequency of the

pendulum, a — the length of the electric motor

crank, €= %, 8, — damping coefficient of the me-
dium resistance force, / — the electric motor mo-

ment of inertia, £, N, — constants of the electric
motor static characteristics.

Let us consider the following system of equa-
tions:

d
ya}f) =Cy,(t1-8) - y,(Dy;(t-y) -

- 2@, + 730,

d
%(T) =y (t=8) + ¥ (Dy5(t=7) +
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dy,(7)
dt

= Dy,(t—y)+ Ey,(1) + F.

This system is a system of equations with con-
stant delay. Positive constant parameter y was in-

troduced to account the delay effects of electric
motor impulse on the pendulum. We assume that
the delay of the electric motor response to the im-
pact of the pendulum inertia force is also equal
to y. Taking into account the delay y conditioned

by the fact that the wave velocity perturbations on
the elements of the construction has a finite value
that depends on the properties of external fields,
for instance, the temperature field. In turn, the
constant positive parameter § characterizes the
delay of the medium reaction on the dynamical
state of the pendulum. This delay is due to the
limited sound velocity in that medium.

Let us consider two approaches that allow re-
ducing the time-delay system (1) to the system of
equations without delay. The first approach is as
follows. Assuming a small delay, we can write

y;(?)

yi(t-v) =yi(r)—TTv+.--, i=2,3

B y;(7) .
yi(T—S) = yi(T)—TTS+..., 1= 1, 2.

Then, if C6 # -1, we get the following system
of equations:

dy, 1
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1
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dy D
=2 =(-CpDy, -7 +yy] +

+ 8,73 +8y,y, +8)+ Ey, + F.

The obtained system of equations is already a
system of ordinary differential equations. Delays are
included in this system as additional parameters.

In order to approximate the system (1) an-
other, more precise, method can be used [8, 9]. In
the case of the presence in the system (1) the delay
of interaction between pendulum and electric mo-
tor y and the delay of the medium §, i.e.

v>0,8>0, let us divide the segments [-y;0] and
[-8;0] into m equal parts. We introduce the fol-
lowing notation
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Then, using difference approximation of derivative

[8, 9] we obtain
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It is a system of ordinary differential equa-
tions of (2m+ 3)-th order. As in the system (2),

the delays y and § are included in these systems as

additional parameters. We note that the solutions
V1> V5, ¥5 of the system (1) are described by the

functions y,, y,,, V5, of the system (3).

Choosing a sufficiently large m in the sys-
tem (3), the system (1) will be very well approxi-
mated by the system (3) [8]. In this paper the sys-
tem of equation (3) was considered at m =3, so
the system (3) has 15 equations. The calculations
of cases m >3, with a significant increase the
number of equations, were also carried out. It was
established, that increasing the number of equa-
tions has practically no effect on identification and
description of steady-state regimes of “pendulum-
electric motor” system. But it significantly in-
creases the complexity of constructing characteris-
tics, which are necessary for study the steady-state
regimes of oscillations. Therefore, the use of ma-
thematical model (3) at m =3 is optimal for stu-
dying the influence of delay on regular and chaotic
dynamics of “pendulum-electric motor” system.

Therefore, we obtained three-dimensional (2)
and fifteen-dimensional (3) mathematical models
each describing the system of equations with
delay (1). These models are the systems of non-
linear differential equations, so in general the study
of steady-state regimes can be carried out only by
using numerical methods and algorithms. The
methodology of such studies is described in detail
in [7].

Maps of dynamical regimes

For general analysis of nonlinear dynamics
the maps of dynamical regimes are constructed.
These maps provide a crucial information about
the type of steady-state regime of the the system
depending on its parameters. The construction of
dynamical regimes maps is based on analysis and
processing of spectrum of Lyapunov characteristic
exponents [7]. Where necessary, for more accurate
determination of steady-state regime of the system,
we study other characteristics of attractors: Poin-
care sections and maps, Fourier spectrums, phase
portraits and distributions of the invariant measure.

Let us consider the behavior of the systems (2)
and (3) when the parameters are C =-0.1,

D=-0.6, F=-0.44, F=0.3. In Fig. 1 the maps

of dynamical regimes are shown. The map in fig. 1,
a was built for three-dimensional model (2) and
the map in Fig. 1, b was built for fifteen-dimen-
sional model (3). These figures illustrate the effect
of the delay of interaction between pendulum and
electric motor y and the delay of the medium

don changing the type of steady-state regime of
the systems. The dark-grey areas of the maps cor-
respond to equilibrium positions of the system. The
light-grey areas of the maps correspond to limit
cycles of the system. And finally, the black areas of
the maps correspond to chaotic attractors.

We can notice a certain similarity the maps in
Fig. 1 a, b. At small values of the delays both sys-
tems have stable equilibrium positions (dark-grey
areas in the figures). With an increase of the delay
of the medium § the type of steady-state regime
does not change. It is still remains stable equilib-
rium positions. However, increasing the delay of
interaction between electric motor and pendulum,
stable equilibrium position is replaced by the area
of limit cycles. Moreover in this area of periodic
regimes the area of chaotic attractors is built in.
With further increase of the delay y the attractor

of both systems becomes stable equilibrium posi-
tion.
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Fig. 1. Maps of dynamical regimes of the system (2) (a, c¢) and the system (3) (b, d)

Let us study the dynamics of the systems (2)
and (3) at other values of the parameters. The
maps of dynamical regimes of three-dimensional
system (2) and fifteen-dimensional system (3) at
C=-0.1,D=-0.53, E=-0.6, F=0.19 are built
respectively in Fig. 1, ¢, d. At small values of the
delays both systems has chaotic attractors (black
areas in the maps). With an increase of the delay
of interaction between pendulum and electric mo-
tor y the region of chaos is replaced by the region

of periodic regimes. Then again chaos arises in the
systems. Further this area is replaced by the area of
limit cycles.

The obtained maps of dynamical regimes al-
low us to conduct a quick qualitative identification
of the type of steady-state regime of the systems

(2) and (3). On the basis of constructed maps,
more detailed studies of emerging dynamical re-
gimes can be carried out. Particularly we can study
the transition from regular to chaotic regimes [10,
11].

As seen from the constructed maps of dy-
namical regimes, the dynamics of three-dimensio-
nal system (2) and fifteen-dimensional system (3)
is the same only at small values of the delays y
and §. With an increase of the delays the dif-
ferences of the dynamics of these systems is very
significant.

For instance, when the parameters are
C=-0.1,D=-0.53, E=-0.6, F=0.19 and the
delay of interaction between pendulum and electric
motor y=0.05 and the delay of the medium
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Fig. 2. Phase portraits of attractors of the system (2) (a, c¢) and the system (3) (b, d)

8 =0.1 the steady-state regime of three-dimensio-
nal system (2) is periodic and the attractor is limit
cycle. Phase portrait of this attractor is shown in
Fig. 2, a. Whereas at this values of the parameters
and the delays fifteen-dimensional system (3) has
steady-state chaotic dynamical regime. Phase por-
trait of the chaotic attractor of the system (3) is
built in Fig. 2, b.

It is also possible a different situation. For in-
stance at the delays y=0.12,6=0.05 the sys-

tem (2) has chaotic steady-state regime of oscilla-
tions. Phase portrait of the attractor is shown in
fig. 2, c. Whereas at this values of the delay fifteen-
dimensional system (3) has regular periodic dynami-
cal regime and its attractor is limit cycle (Fig. 2, d).

Conclusions

Taking into account various factors of delay
in “pendulum—electric motor” systems is crucial.
The presence of delay in such systems can affect
qualitative change in the dynamic characteristics.
In some cases the delay is the main reason of
origination as well as vanishing of chaotic attrac-
tors. So delay is the controlling factor in the proc-
ess of chaotization of pendulum systems.

The use of three-dimensional mathematical
model to study the dynamics of “pendulum—
electric motor” systems is sufficient only at small
values of the delay. For relatively high values of
the delay multi-dimensional system of fifteen equa-
tions should be used.



TEOPETWYHI TA NMPUKNAOHI NMPOBNEMU ®I3UKN 115

In future research is planned to study the in- tions of non-ideal dynamical systems of the type

fluence of variable in time delay factors on oscilla- “pendulum—electric motor™.
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O.10. Weeup, O.M. MakaceeB

BrnnB 3AMISHIOBAHHA HA BUHUKHEHHA OETEPMIHOBAHOIO XAOCY B AEAKNX HEIOEANIbHUX MAATHUKOBUX
CUCTEMAX

Mpo6nematuka. Po3rnsgaeTbcst BNUB 3anisHOBaHHS B3aEMOAIT MK MassTHUKOM i eNeKTpoABUryHOM Ta 3ani3HiOBaHHSA peakuii

cepefoBuLLa Ha ANHAMIKY HeifeanbHUX MasiTHUKOBUX CUCTEM TUMy “MasTHUK—eNeKkTpoaBuryH”’. MaremaTuyHo MoZennto Takoi cucTe-
MM € cucTema 3BUYanHux andepeHuianbHNX PiBHSAHb i3 3ani3HIOBaHHSIM.

MeTta pocnigxeHHs. Meta po6oTn — gocnigntu BNnuB hakTopiB 3ani3HIOBaHHA Ha ycTaneHi peXxumun KonvBaHb HeigeanbHUx

MasTHUKOBUX CUCTEM TUNY “MasTHUK—eNEKTPOABUIYH”.
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MeTtoauka peani3sauii. 3anponoHoBaHO Niaxoau, Aki 4aloTb 3MOry 3BECTU MaremaTuyHy Mogenb CUCTEMMU OO CUCTEMM TPbOoxX abo
N'ATHaAUATM AndepeHuianbHUX piBHAHb 6€3 3anisHBaHHs. [Ans 3aranbHOro aHarnisy HemiHiiHOI AuHaMiku unx cuctem nobyaoBaHo
KapTy OUHaMIYHUX PEXMMIB, SiKi Aal0Tb MOXIMBICTb MPOBOAMTM SAKICHY igeHTudikauilo Tuny yctaneHoro pexumy. Metognka nobynosu
KapT OMHaMiYHMX pexumiB 6a3yeTbCs Ha aHanisi cnekTpa NsANnyHOBCbKMX XapakTepUCTUYHMX NokasHukiB. [obynoBaHo da3osi nopTpetu
PErynsipHMX i XaoTUYHUX aTPaKTopiB.

Pe3ynbTatu gocnigxeHHsi. BcTaHoBNeHo, WO Ana AOCHIAXEHHS AMHAMIiKM CUCTEM “MasiTHUK—eNEeKTPOABWUIyH” 3a Manux 3Ha-
YeHb 3ani3HBaHHSA [0CTaTHLO BMKOPUCTOBYBATW TPUBMMIPHY MaTtemaTuuHy Mofesb. 3a MOpPIiBHAHO BEMUKUX 3HAYeHb 3amnisHioBaHHs!
HeobXigHO BMKOPWUCTOBYBATK GaraToBUMIpHY MareMaTuyHy MOAenb, sika CKagaeTbes 3 MATHaAUATY PiBHSAHb.

BucHoBku. [1okazaHO CyTTEBUIA BMNUB 3ani3HOBaHHSI Ha SIKICHY 3MiHY AMHAMIYHUX XapaKTepUCTUK y CUcTeMax TUny “MasiTHUK—
enekTpoaBuUryH”. Y aesikux BUNnagkax 3ani3HioBaHHS € KepyounM akTopoM Y NpoLeci XxaoTusauii MasiTHUKOBUX CUCTEM.

Knio4yoBi cnoBa: MasiTHUKOBI CUCTEMU; CUCTEMW 3 OOMEXEHNM 30YIKEHHAM; KApTU ANHAMIYHUX PEXMMIB; PErynsipHi Ta XaoTUYHI
aTpaKkTopw; 3ani3HIOBaHHS.

A.1O. WBeu, A.M. Makacees

BNMMAHWE 3AMNA30bIBAHUA HA BO3HMKHOBEHWME OETEPMUHUPOBAHHOIO XAOCA B HEKOTOPbLIX HEWOEAIb-
HbIX MAATHUKOBbLIX CUCTEMAX

Mpobnemartuka. PaccmatprBaeTcs BnusiHWe 3anasgbiBaHusl B3aUMOAEWCTBUS MEXAY MasiTHUKOM M 3MeKTpoaBuraterniem u 3a-
nasgbiBaHWs peakuun cpedbl Ha AMHaMUKY HenpaearnbHbiX MasiTHAKOBbIX CUCTEM Tuna “MasTHUK—anekTpoasurarens”. MaremaTtunyeckom
MOZENbI0 TAaKOM CUCTEMBI SIBNSAETCA cUCTEMa OObIKHOBEHHbIX AnddepeHUmanbHbiX ypaBHEHUI C 3ana3gblBaHUEM.

Llenb uccnegoBaHua. Llenb paboTtbl — nccnegoBaTb BnusiHue hakTopoB 3anasgblBaHMS Ha YCTAHOBMBLUMECS pexuMu koneba-
HWU HemaeanbHbIX MasiTHUKOBbBIX CUCTEM TUMa “MasTHUK—3NeKTpoaBuraTens”.

MeTtoauka peanusaumu. NpeanoxeHbl NoaxoAbl, KOTOPbIE MO3BOMSAT CBECTU MaTteMaTUYECKYH MOAENb CUCTEMbI K CUCTEME
Tpex unu naTHaguatu guddepeHuymnanbHbix ypaBHeHn 6e3 3anasgbiBaHust. [ns obLiero aHannsa HeMMHENHON AUHAMUKK 3TUX CUCTEM
NMOCTPOEHbI KapTbl AMHAMUYECKUX PEXVMOB, KOTOPbIE MO3BOMSAKT NPOBOANTE KAYECTBEHHYIO UAEHTUMDUKALMIO TUNa YCTaHOBMBLLErocs
pexumMa. MeToguka NOCTPOEHMUS KapT AWHaMUYECKUX PEXMMOB 6asupyeTcsi Ha aHanuse CrekTpa NsnyHOBCKUX XapaKTEPUCTUYECKUX
nokasatenen. [ocTpoeHbl ha3oBble NOPTPETLI PEryNsPHbLIX N XaOTUYECKNX aTTPaKTOPOB.

Pe3ynbTaThl uccnegoBaHUA. YCTaHOBIEHO, YTO A1S1 UCCMe0BaHUs AUHAMUKM CUCTEM “MasiTHUK—ameKkTpoasuraTtens” npu ma-
INbIX 3HAYEHUSIX 3anasablBaHUs 4OCTATOYHO UCMOMb30BaTh TPEXMEPHYIO MaTteMaTuyeckyro Moaerns. pu cpaBHUTENBHO GOMbLUNX 3Ha-
YeHusIX 3anasabiBaHns HeO6X0AMMO MCMONb30BaTb MHOFOMEPHYK MaTeMaTUYECKYH0 MOAENb, KOTopasi COCTOUT U3 NATHaALaTh ypaBHe-
HWUA.

BbiBogbl. [okasaHO CyLIECTBEHHOE BMUsiHWE 3ana3fblBaHUsi HA KAa4YeCTBEHHOE W3MEHEHWE OAMHAMUYECKUX XapaKTepuUcCTUK B
cucTemax Tuna “masTHUK—anekTpogsuratens”. B HeKOTOpbIX Crnyyasx 3anasgbiBaHve SBASETCS YNpaBnsowum akropom B npolecce
XaoTun3aunm MasiTHUKOBbIX CUCTEM.

KnioueBble crioBa: MasiTHUKOBLIE CUCTEMbI; CUCTEMbI C OFPAHUYEHHBIM BO3BYXXAEHWEM; KapTbl AMHAMUYECKUX PEXMMOB; pery-
NSIPHbIE Y XaOTUYECKME aTTPaKTOpbI; 3anasablBaHue.

PexomennoBana Pamoro Hapiitiia mo penakiii
hi3MKO-MaTEMAaTUYHOTO (PaKyJIbTETy 27 tpaBHs 2015 poky
HTVYY “KIII”
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